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In the era of machine learning

Prefer more data and larger model to obtain better performance... )
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Practice of deep learning: bigger models perform better!

test loss
A

Classical U-shaped image-driven D% Second-descent
regime : regime

#data >> #parameters #parameters >> #data

model capacity :

Proposed explanation: double descent (Belkin et al., 2019)




Learning paradigm in the past twenty years
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Figure 1: Paradigm among test loss, data, and model capacity.
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Scaling law ( ) in the era of LLMs

test loss = A Model Size @ + B  Data Size ° + C




A fundamental concept in machine learning: model capacity

Too many learning curves... )

e U-shaped curve (bias-variance trade-o [S)l(Vapnik, 1995; Hastie et al., 2009)
e double (multiple) descent (Belkin et al., 2019; Liang et al., 2020)
« scaling law (Kaplan et al., 2020; Paquette et al., 2024)



A fundamental concept in machine learning: model capacity

Too many learning curves... }

e U-shaped curve (bias-variance trade-o [S)l(Vapnik, 1995; Hastie et al., 2009)
« double (multiple) descent (Belkin et al., 2019; Liang et al., 2020)
« scaling law (Kaplan et al., 2020; Paquette et al., 2024)

“Remove bias-variance trade-o [Sfrom ML textbooks"

| can define model capacity at random and see whatever curve | want to see.
— Ben Recht, 2025



https://www.argmin.net/p/overfitting-to-theories-of-overfitting

A fundamental concept in machine learning: model capacity

Too many learning curves... J

e U-shaped curve (bias-variance trade-o [S)l(Vapnik, 1995; Hastie et al., 2009)
« double (multiple) descent (Belkin et al., 2019; Liang et al., 2020)
« scaling law (Kaplan et al., 2020; Paquette et al., 2024)

Double descent can disappear for the same architecture! )

Classical Regime: Modern Regime:
Bias-Variance Tradeoff Larger Model is Better
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(@) Results on ResNet18 (Nakkiran et al., 2019) (b) Optimal early stopping (Nakkiran et al., 2019).



Today's talk: Norm-based capacity via deterministic equivalence




Today's talk: Norm-based capacity via deterministic equivalence

The size of the weights is more important than the size of the network! I



Today's talk: Norm-based capacity via deterministic equivalence

The size of the weights is more important than the size of the network!

~ Theoretical studies (Neyshabur et al., 2015; Savarese et al., 2019)
~ Min-norm solution (Hastie et al., 2022)

" Applications: neural networks pruning (Molchanov et al., 2017)
layerNorm, RMS Norm, mu-transfer , MoE...



Today's talk: Norm-based capacity via deterministic equivalence

The size of the weights is more important than the size of the network!

~ Theoretical studies (Neyshabur et al., 2015; Savarese et al., 2019)

~ Min-norm solution (Hastie et al., 2022)

" Applications: neural networks pruning (Molchanov et al., 2017)
layerNorm, RMS Norm, mu-transfer , MoE...

How these learning curves behave under a more suitable model capacil/?



Today's talk: Norm-based capacity via deterministic equivalence

The size of the weights is more important than the size of the network!

~ Theoretical studies (Neyshabur et al., 2015; Savarese et al., 2019)

~ Min-norm solution (Hastie et al., 2022)

" Applications: neural networks pruning (Molchanov et al., 2017)
layerNorm, RMS Norm, mu-transfer , MoE...

How these learning curves behave under a more suitable model capacil/?

Figure 3: Stanford CS229 lecture notes (Ng and Ma, 2023, Figure 8.12).
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Today's talk: Norm-based capacity via deterministic equivalence

The size of the weights is more important than the size of the network!

p How to precisely characterize the relationship under norm-based model capacity?
" Reshape bias-variance trade-o0 s, double descent, scaling law ungler °
norm-based capacity!
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shape of generalization through the lens of norm-based capacity
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Today's talk: Norm-based capacity via deterministic equivalence

The size of the weights is more important than the size of the network!

p How to precisely characterize the relationship under norm-based model capacity?

Reshape bias-variance trade-o s, double descent, scaling law ungler
norm-based capacity!

Yichen Wang, Yudong Chen, Lorenzo Rosasco, Fanghui Liu. The ' curve: The
shape of generalization through the lens of norm-based capacity

control. NeurlPS'25

p What is the induced function space and statistical/computational e ciency under
norm-based capacity?

Which function class can be e ciently learned by neural networks?
Fanghui Liu, Leello Dadi, and Volkan Cevher. Learning with norm constrained,
over-parameterised, two-layer neural networks. JMLR 2024.



Background: Random features ridge regression

xP
fo(x; ) = a (Gw ), =fa swigl,
i=1

© X WIR, e.g., RelLU:
(x; w) = max(hx; wi; 0)



Background: Random features ridge regression

X
foG )= alcwi)  =fa iwigl,
i=1
© X WIR, e.g., ReLU:
(x; w) = max(hx; wi; 0)
~ Random features models (RFMs) (Rahimi
and Recht, 2007; Liu et al., 2021):
fw gh, " for a given 2 P(W)
only train the second layer



Background: Random features ridge regression

X
foG )= alcwi)  =fa iwigl,
i=1
© X WIR, e.g., ReLU:
(x; w) = max(hx; wi; 0)
~ Random features models (RFMs) (Rahimi
and Recht, 2007; Liu et al., 2021):
fw g, " for a given 2 P(W)
only train the second layer
( X ) 1
a := argmin vi f(x ;a)°+kak3 = Z2z+1 , Zy:
azrRP

Z 2R "P with [Z]; = Pl—m(X i) Wj).



Background: Random features ridge regression

X
foG )= alcwi)  =fa iwigl,
i=1
© X WIR, e.g., ReLU:
(x; w) = max(hx; wi; 0)
~ Random features models (RFMs) (Rahimi
and Recht, 2007; Liu et al., 2021):
fw g, " for a given 2 P(W)
only train the second layer
o 2 ) )
a := argmin (i f(x ;a)°+kak3 = Z2z+1 , Zy:
azrRP
Z 2R "P with [Z]; = 131—m (X i;wj).
~ Norm over the rst-layer (untrained) kW k=
"~ Norm over the second-layer&k3 7



Background: Test risk of random features model

A compact integral operator T: L2( x)!'L 2( w) forany f 2 L?( x)
(De lippis et al., 2024)Z

b3
(Tf)(w) := x;w)fx)dx); T= kK Kk k!
R? k=1



Background: Test risk of random features model

A compact integral operator T: L2( x)!'L 2( w) forany f 2 L?( x)
(De lippis et al., 2024)Z

%
(TF)(w) := w)f(x)d (x); T = Kok k!
Re k=1
Covariate feature matrix G :=[g;;:::;9,f 2R"? with g; :=( «(Xi))k1

Weight feature matrix H:=[h1;:::;hpF 2RPY with hj == (' «(W)))k1



Background: Test risk of random features model

A compact integral operator T: L2( x)!'L 2( w) forany f 2 L?( x)
(De lippis et al., 2024)Z

%
(TF)(w) := w)f(x)d (x); T = Kok k!
Re k=1
Covariate feature matrix G :=[g;;:::;9,f 2R"? with g; :=( «(Xi))k1

Weight feature matrix H:=[hq;:::;hpf 2RP1  with hjy =( k' kWj))k1

P
target function: f (x)=,; « «k(X)



Background: Test risk of random features model

A compact integral operator T: L2( x)!'L 2( w) forany f 2 L?( x)
(De lippis et al., 2024)Z

%
(TF)(w) := w)f(x)d (x); T = Kok k!
Re k=1
Covariate feature matrix G :=[g;;:::;9,f 2R"? with g; :=( «(Xi))k1

Weight feature matrix H:=[hq;:::;hpf 2RP1  with hjy =( k' kWj))k1

P
target function: f (x)=,; « «k(X)

1
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Our results under well-behaved data

(a) Test Risk vs. (b) “2 norm vs. (c) Test Risk vs. norm (d) =0:001
e :=p=n, p: model size (width), n : data size
p(n=100) 10 50 100 150 200 250 300 350 400

Test Risk 0.32 0.12 0.29 0.08 0.05 0.04 0.03 0.03 0.03
Norm 293 1466 102.89 3526 24.76 20.67 18.63 17.47 16.69




Our results under well-behaved data

(a) Test Risk vs. (b) “2 norm vs. (c) Test Risk vs. norm (d) =0:001

e :=p=n, p: model size (width), n : data size

Phase transition exists but double descent does not exist

More close to U-shaped instead of double descent: A ” paradigm

Over-parameterization is still better than under-parameterization
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« Reshape scaling-law:
test loss = A Data Size 2 + B Model Size ® + C with a;b >0



Our results under well-behaved data

() Test Risk vs. (b) “2 norm vs. (c) Test Risk vs. norm (d) =0:001

e :=p=n, p: model size (width), n : data size

« Reshape scaling-law:
test loss = A Data Size 2 + B Model Size ® + C with a;b >0
test loss = A Data Size @ Norm Capacity P witha>0andb 2 R
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Control norm by tuning A: L-curve (

Explicit (model size) vs. Implicit (norm)
One-to-one mapping between norm and

Figure 4: Source from Hansen (1992).
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An example of linear regression: Textbook level and beyond

» ni.id. samples f(xi;yi)gl; with x; 2 RY, y; 2 R

ey=h ;xi+", E(")=0and V(") = 2, covariance matrix = E[xx”]

- ridge regression: "= (XX + 1) X7y
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ey=h ;xi+",E(")=0and V(") = 2, covariance matrix = E[xx”]
- ridge regression: "= (XX + 1) X7y

Target: precise analysis
The expected test risk E-k”  k? vs. the norm E-k "k3

p Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and
Saeed, 2024; Bach, 2024)

The empirical spectral measure converges to a deterministic limit.
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» ni.id. samples f(x;;yi)gl,; with x; 2 RY, y; 2 R
ey=h ;xi+",E(")=0and V(") = 2, covariance matrix = E[xx”]
- ridge regression: "= (XX + 1) X7y

Target: precise analysis
The expected test risk E-k”  k? vs. the norm E-k "k3

p Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and
Saeed, 2024; Bach, 2024)

Tr XXX+ )t 1 (+ ) twhp:

e can be asymptotic or non-asymptotic at the rate of O(1=pﬁ).
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An example of linear regression: Textbook level and beyond

« ni.id. samples f(x;;yi)gl; with x; 2 R%, y; 2 R
ey=h ;xi+",E(")=0and V(") = 2, covariance matrix = E[xx”]

- ridge regression: "= (XX + 1) X7y

Target: precise analysis
The expected test risk Exk” k2 vs. the norm E-k "k3

p Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and

Saeed, 2024; Bach, 2024)
p Bias-variance decomposition on the test risk

eBE =% ;XTX+ D) XX+ )i
- VE = 2Tr( XXX + 1) 2)

11
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition E--k"k% =Bn: +VnN: .
For well-behaved data and , we have By: Bn: and V. Vn: ;w:h:p:
T (+ )3 cho; (+ )%
+ 1 2 2 ;
n 1 2T 2C + ) 9
| {z

Bn: - A+ ) ?

Br:
_ T+ ) .
0 T+ )Y

VN;

Remark: Which model capacity su [ced to characterize the test risk?

* Norm-based capacity: 3 ,
« e[edtive dimension-style Tr( ( + 1) Y): 7/
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Precise analysis via deterministic equivalence

p Precisely describe the learning curve.
» phase transitions, (non-)monotonicity, etc.
p Enables accurate comparison between estimators/algorithms.
= Foundations of scaling law: data or parameter under the same budget, etc.
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Precise analysis via deterministic equivalence

p Precisely describe the learning curve.
e phase transitions, (non-)monotonicity, etc.
p Enables accurate comparison between estimators/algorithms.
= Foundations of scaling law: data or parameter under the same budget, etc.

( ;k k) is su Lcieht to characterize generalization!

Is “, norm-based capacity best for characterizing generalization? )

14



Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020),
and their correlation with generalization.

name Slefinition rank correlation
Parameter Frobenius norm o KWikzE 0:073
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020),

and their correlation with generalization.

Slefinition rank correlation

name
Parameter Frobenius norm P i1 KWik? 0:073
Frobenius distance to initialization o kWi WPKkE | 0:263
; Q Pl kwigy = .
Spectral complexity i1 KWik =1 o, k372 0:537
2 P
Fisher-Rao O™ T W rw “(hw (X0); Vi) 0:078
L <
Path-norm (o5:5510) 1 Wi o 0:373

(a) Test (training) Loss vs. p (b) Path-norm vs. p (c) Test Loss vs. Path-norm

Figure 5: Experiments on two-layer neural networks.
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Two-layer neural networks, path norm
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Two-layer neural networks, path norm

‘1-path norm (

= equivalent to Barron spaces B
(Barron, 1993; E et al., 2021)

B:= [ 2P(W)ffa . kakLZ( ) <1dg

< Variation in only a few directions
(Parhi and Nowak, 2022)

Can neural networks identify this structure?

16



(Liu, Dadi, Cevher, JMLR'24)

Theorem (Informal, sample complexity of learning f? 2 B)

To achieve -excess risk,
« Kernel methods require ( 9) samples.
n 2d+2
= Two-layer neural networks require Oq( d+2 ) samples.
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Theorem (Informal, sample complexity of learning f? 2 B)

To achieve -excess risk,
« Kernel methods require ( 9) samples.
n 2d+2
= Two-layer neural networks require Oq( <2 ) samples. smaller than 2

No Curse of Dimensionality: NNs adapt to directional smoothness. )

p Track sample complexity (via metric entropy) and dimension dependence

I ! ! ! »
T Ll

T T
(E et al., 2021) Ours (Wu and Long, 2022) minimax (Siegel and Xu, 2021)

————————— > I
2 2d+2 2d+3
d+2 d+3
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To achieve -excess risk,
" Kernel methods require (9 ) samples.

o 2d+2

Two-layer neural networks require @ =2

) samples.smaller than 2

No Curse of Dimensionality: NNs adapt to directional smoothness. I

p Track sample complexity and dimension dependence
logd d poly(d) exp(d)?
————————— > I
(E et al.‘, 2021) OL‘HS (Wu and Long, ‘2022) minimax (Siege; and Xu, 2021) g

2 2d+2 2d+3
d+2 d+3

The best trade-o between and d. 17
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Which function class can be e ciently learned by neural networks

Optimization in Barron spaces is NP hard: curse of dimensionality!
(Bach, 2017)

minkf £ ki@ + KTk gy
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Which function class can be e ciently learned by neural networks

—— e > ——

approximation statistical computational

v

" ReLU neurons (Chen and Narayanan, 2023)
" Low-dimensional polynomials (Arous et al., 2021; Lee et al., 2024)

18
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Takeaway messages

Deep learning phenomena ) interesting mathematical problems

p Be aware of model capacity! A new paradigm of ' curve!
~ Reshape bias-variance trade-o s, double descent, scaling law under propgr °
norm-based capacity via deterministic equivalence.

p Which function class can be e ciently learned by neural networks?
~ Neural networks can adapt to low-dimensional structure and avoid CoD!

Theoretical advances ) principled guidance in practical problems

p How does theory contribute to practical ne-tuning problems?
~ One-step full gradient can be su cient! [ICML'25 oral] 19



The cherry on top...
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The cherry on top...

Figure credit: Canva 20
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