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Over-parameterization: more parameters than training data
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Surprises in modern neural networks: double descent

Classical Regime: Modern Regime:
Bias-Variance Tradeoff Larger Model is Better
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ResNet18 width parameter Capacity of H
(a) Training and test error on ResNet18 [1] (b) Double descent [2] (Belkin, Hsu, Ma, Mandal, 2019).
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Surprises in modern neural networks: double descent
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ResNet18 width parameter Capacity of H
(a) Training and test error on ResNet18 [1] (b) Double descent [2] (Belkin, Hsu, Ma, Mandal, 2019).

Observations: beyond bias-variance trade-off

> 1) Peak at the interpolation thresholds
> 2) Monotonic decreasing in the overparameterized regime

> 3) Global minimum when #parameters is infinite
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Background: Two-layer neural networks

kernel random neural
methods features networks
hidden layer m
i bi = o(w;, x) Z
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> ¢: X x W — R, eg., ReLU: ¢(x,w) = max({x,w),0)
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Background: Two-layer neural networks

kernel random neural
methods features networks
hidden layer m
. ¢; = o(w;, x)
input ’ ' fm(xvo) = § (l,‘,(f)(X,Wi), 0 = {(a‘lvwl)}zn;l

z cR?
Wiy , i=1
Waa > $: X x W — R, eg., ReLU: ¢(x,w) = max({x,w),0)
@ ai  output
) ‘\ yER > Random features models (RFMs) [3]:

W31
o {w;}*, ~ wfor a given u € P(W)
: o only train the second layer

N
/ random features mapping:

:
o) = =0 (%) Wi; ~ N(0,1)
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Recall RFMs in high-dimensional asymptotic setting (Mei and Montanari, 2022)

o high dimensional: n,m,d — co, m/d — 11 and n/d — 12 as d — oo with 91,92 € (0, c0)
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Recall RFMs in high-dimensional asymptotic setting (Mei and Montanari, 2022)

o high dimensional: n,m,d — co, m/d — 11 and n/d — 12 as d — oo with 91,2 € (0, c0)
o random feature regression with @) = arg min, & (a)

n m 2

=~ 1 1 Am
E@= - v —> ajolleaw) | + = llal3
i=1 j=1
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Recall RFMs in high-dimensional asymptotic setting (Mei and Montanari, 2022)

o high dimensional: n,m,d — co, m/d — 11 and n/d — 12 as d — oo with 91,2 € (0, c0)
o random feature regression with @) = arg min, & (a)

n m 2
~ 1 1 m
Ex(a) = - E vi— o E ajo((x;,wi))| + 7”“”3

i=1 =1

1 — ’
Ea, f,) = E — LS aotwws
(a, fp) xy | fo(X) m ajo((xi,w;))
j=1
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Recall RFMs in high-dimensional asymptotic setting (Mei and Montanari, 2022)

o high dimensional: n,m,d — co, m/d — 11 and n/d — 12 as d — oo with 91,2 € (0, c0)
o random feature regression with @) = arg min, & (a)

n m 2
~ 1 1 m
Ex(a) = o E vi— E ajo((xs,wj))| + 7”“”3

i=1 =1

1 — ’
E(a, =E N E . Ty
(a, fp) v,y | fo(x) m ajo({xi,w;))
j=1

Theorem ([4] Mei and Montanari, 2022)
data {x;}7_ ; ~ Unif(S4=1(+/d)), label noise E(e?) = 72, target function f,(x) = (B, x), random features

{w; L, b Unif(S?=1) for G ~ N(0,1), define p1 = E(o(G)G), u? = E[o(G)?] — (E[o(G)])? — (E[o(G)G))?,
¢ = p1/ps, for any X > 0, we have

E@x, fo) = |IBII3B(C, W1, b2, A p2) + T2V(C, 1, b2, A p2) + 04.(1) .

observations 1), 2), 3) for double descent can be theoretically proved.

WARWICK  Over-parameterization in NNs | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 5/ 22



Questions on high dimensional kernel methods

high dimensional kernel methods: can only learn linear function! [5] (Ghorbani, Mei, Misiakiewicz,
Montanari, 2021)
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Questions on high dimensional kernel methods

high dimensional kernel methods: can only learn linear function! [5] (Ghorbani, Mei, Misiakiewicz,
Montanari, 2021)

o asymptotic expansion under high dimensions [6] (El Karoui, 2010)
under the setting of n,d — oo, n/d — 91 as d — oo with 91 € (0,00), we have

IK — (XX +bI)||2 50 whend— 0 for some parameters a, b
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Questions on high dimensional kernel methods

high dimensional kernel methods: can only learn linear function! [5] (Ghorbani, Mei, Misiakiewicz,
Montanari, 2021)

o asymptotic expansion under high dimensions [6] (El Karoui, 2010)
under the setting of n,d — oo, n/d — 91 as d — oo with 91 € (0,00), we have

IK — (XX +bI)||2 50 whend— 0 for some parameters a, b
o [lf*lln <oo?
Example (a linear function f : S% — R such that f(x) = v x for a certain v € S%)

> zero-order arc-cosine kernel k(x,x’) = fsd 1{wa>0}1{wa/>o}du(w)
= [|flln = 2257 < 4x [7] (Bach 2017)
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Questions on high dimensional kernel methods

high dimensional kernel methods: can only learn linear function! [5] (Ghorbani, Mei, Misiakiewicz,
Montanari, 2021)

o asymptotic expansion under high dimensions [6] (El Karoui, 2010)
under the setting of n,d — oo, n/d — 91 as d — oo with 91 € (0,00), we have

IK — (XX +bI)||2 50 whend— 0 for some parameters a, b
o [lf*lln <oo?
Example (a linear function f : S% — R such that f(x) = v x for a certain v € S%)

> zero-order arc-cosine kernel k(x,x’) = fsd 1{wa>0}1{wa/>o}du(w)
= [|flln = 2257 < 4x [7] (Bach 2017)

> first-order arc-cosine kernel, we have || f||3; < C +/d for some constant C' independent of d.
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Motivation

> high dimension vs. fixed dimension
> from asymptotic to non-asymptotic

> two-layer neural networks trained by SGD
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Motivation

> high dimension vs. fixed dimension

> from asymptotic to non-asymptotic

> two-layer neural networks trained by SGD
o Analysis

> SGD: implicit regularization — without A

> dimension-free SGD bound

> multiple randomness sources
- data sampling, label noise, Gaussian initialization, stochastic gradients
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Motivation

> high dimension vs. fixed dimension

> from asymptotic to non-asymptotic

> two-layer neural networks trained by SGD
o Analysis

> SGD: implicit regularization — without A

> dimension-free SGD bound

> multiple randomness sources
- data sampling, label noise, Gaussian initialization, stochastic gradients

observations 1), 2), 3) can be still proved!
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Problem settings: function space

hidden layer

¢i = o(w;, x)
input

T @)
Wia ™

‘\ output
@ Wsa V €R
Wm . a3 a@)

‘ \ “’"

random features mapping:

ox) = 0o (%) Wi; ~N(0,1)
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Problem settings: function space

hidden layer
¢i = o(w;, x)
input

z €RY
Wi *
function space
output
@ Wsa ‘\ VGR
Wml “3”@ H:= {fEL?)X’ f(x):(a,go(x))} , Wi ~N(0,1)

‘ \ am covariance operator: X := Ex[0(x) ® ¢(x)]

expected covariance operator: i, := Ex,wle(x) @ p(x)]

random features mapping:

ox) = 0o (%) Wi; ~N(0,1)
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Problem settings: RFMs with the squared loss by SGD

Online SGD: one-pass, average output, adaptive step-size...

ar = a;—1 + ve[ye — (ae—1, p(x¢))]p(xt),
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Problem settings: RFMs with the squared loss by SGD

Online SGD: one-pass, average output, adaptive step-size...
ar = ap1 + ve[ye — (a1, 0(xe))]p(xe),  t=1,2,...n.

> averaged output: an := %Z::ol a; = fn = (o("),an)

> adaptive step-size: y; := yot—¢,¢ € [0,1)
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Problem settings: RFMs with the squared loss by SGD

Online SGD: one-pass, average output, adaptive step-size...
ar = ap1 + ve[ye — (a1, 0(xe))]p(xe),  t=1,2,...n.

> averaged output: an := %Z::ol a; = fn = (o("),an)

> adaptive step-size: y; := yot—¢,¢ € [0,1)

Averaged expected risk
> optimal solution: f* = argmingcq, || f — fp||i2 with || f*|lx < oo
PX

> averaged excess risk: E||fn — f*Hi’% =Ex,ws{fn — 5 Zm(fn — )
X
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Assumptions

Assumption (Basic assumptions)

non-asymptotic: ||x||2 < O(d), 84 := Ex[x ® x] with ||S4]l2 < oo
boundedness of f*: ||f*|l# < oo
activation function: o(-): Lipschitz continuous

>
>
>
> label noise: E(e) = 0 and E(e?) = 72
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Assumptions

Assumption (Basic assumptions)

> non-asymptotic: ||x||2 < O(d), 4 := Ex[x ® x] with ||S4]l2 < co
> boundedness of f*: ||f*|l# < o

> activation function: o(-): Lipschitz continuous

> label noise: E(e) = 0 and E(e?) = 72

Assumption (Fourth moment condition)

for any PSD operator A, we assume
Ew[SmASm] < 7 Ew[Tr(EmA)Em] < 7T (Sm A) S -
Remark:
> the special case A := I can be proved.

> holds for sub-Gaussian data.
> widely used in SGD analysis [8, 9, 10]
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Main results: bias-variance decomposition

Define ny := fr — f*, we have

e = [I — yep(xe) ® p(xe)|(fr—1 — [7) + merp(xt),
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Main results: bias-variance decomposition

Define ny := fr — f*, we have

e = [I — yep(xe) ® p(xe)|(fr—1 — [7) + merp(xt),

bias bias bias __ px
t - f )

0y o =1 —yp(xe) ® p(x)|n =%, o
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Main results: bias-variance decomposition
Define ny := fr — f*, we have
ne = [T — vep(xe) ® p(xe)](fr—1 — [7) + yeerp(xe),

bias bias bias __ px
t - f )

0y o =1 —yp(xe) ® p(x)|n =%, o

n " = I — yep(xe) @ p(xe) |02 + veep(xe), mo =0.
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Main results: bias-variance decomposition

Define ny := fr — f*, we have

e = [I — yep(xe) ® p(xe)|(fr—1 — [7) + merp(xt),

bias bias bias __ px
t - f )

0y o =1 —yp(xe) ® p(x)|n =%, o

n " = I — yep(xe) @ p(xe) |02 + veep(xe), mo =0.

Theorem (Bias-variance decomposition)
Under the above-mentioned assumptions, if the step-size v+ := vot—¢ with ¢ € [0, 1) satisfies vo < C, we have

El| fn — f*||2L/2) = Ex,w(7n 2%, Smiin %) + Bx,w.o (T, Smily) -
X

:=Bias :=Variance
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Main theorem

Theorem (Liu, Suykens, Volkan, 2022)

Under the above-mentioned assumptions, if the step-size y: := vot—¢ with ¢ € [0, 1) satisfies vo < C, we have
Bias < yor'nS | f*||2 ~ O (nc_l) .

mn¢~L, ifm<n

. < /2 n
Variance < yor'T { 14014+ =, ifm>n
m

15
-}-B1 -F-v1 —-averaged SGD
10 % B2 1 1 -v2 -+-min-norm solution
S43speaa-%--q-«- |+ B3 ! +v3 B R
g i =
. 05 i @
yi 2o
I
A Seeea
o et e SRR
0 0.5 1 15 2 0 0.5 1 1.5 2
m/n m/n
(c) bias

(d) variance (e) excess risk
A4
WARWICK  Over-parameterization in NNs | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 12/ 22



Discussion

[ Constant step-size SGD doesn’t hurt the convergence rate.

> under-parameterized regime (by taking m = O(1/n))

_ 1
E||fn — f*||?, = Bi Vari <O (—) ,
lfn—f ”L%x Bias +Variance < NG
ok) ok

matches [11] (Carratino, Rudi, Rosasco, 2018) under one-pass, one-batch, SGD...!
> over-parameterized regime: matches [12] (Belkin, Hsu, Xu, 2020)
o no lower bound: Bias < 3(B1 + B2 + B3) based on Minkowski inequality

Lbut the selection on step-size is different

\AJ
WARWICK  Over-parameterization in NNs | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 13/ 22



Proof framework: randomness decoupling

excess risk Ex w e (T, Lmijn) ‘

‘ Variance Ex w e (7", Smilr)

_—

‘ Bias Ex,w (7,2, Smijn ") ‘

VL — 7 V2 7 — 7 v3: 7t — B2: 7l — 7"
OmS~'m) ifm<n O(ns~'m) O(nS='m) Bl:(g(nc,T)n" On*¢~Ym)
o(1) ifm>n || | OQ) Omn'+2) o)

Bias: np'* = [I —yep(xe) © o(xe)|np2%
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Proof framework: randomness decoupling

excess risk Ex w e (T, Lmijn)

—var

‘ Variance Ex w e (7", Smilr)

T

‘ Bias Ex,w (7,2, Smijn ")

Vi: 02 — g V2: ik — e v3: o
OmS~'m) ifm<n O(ns~'m) O(nS='m) Bl:(g(nc,l)
o(1) ifm>n || | OQ) Omn'+2)

Bias: n}' = [I — yep(x:) ® (xn)|i%

Define "semi-stochastic” version: nf* = (I — 3¢S, )n8* 1, % = (I — 73, )nb™,,
> B =By w [(5%° — 755, S (7532 — %)) ]
> B2 = By [ (05— 75, Son (955 —75)) |

> B3 := (i2V E )
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Proof framework

excess 1isk Ex w e (Tn, Zmn) ‘

‘ Variance Ex w e (" Smily)

_—

‘ Bias Ex,w (7%, Smijn>°) ‘

VL — vt — va: e ) B2 -
. »blas ey
Onstm) ifm<n O(n~1m) O(n*~tm) Bl‘é’zlng_T)n" Om2m)
0(1) ifm>n | |O®1) Ot '+ L) o)

var var

Variance : ny*" = [I —y10(xt) ® 0(x0)|ny2 + yeerp(xt)
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Proof framework

excess 1isk Ex w e (Tn, Zmn)

‘ Variance Ex w e (" Smily)

_—

—b1as>

‘Blas Ex,w (722, 50,

Vi ﬁ;ar _ ,,,—];X v2: ,,,—]LX _ T_];’wa V3: T_];’wa e B2: ,r—]bX T—]bXW
Om¢tm) ifm<n |l |OnTIm) O(n*'m) Blé’(ng_l)n" On*¢~Ym)
0(1) ifm>n | |O®1) Ot '+ L) o)

Variance : ny* = [I —yep(xt) ® o(x¢)Ini2 + yeero(xt)
Define "semi-stochastic” version: n/* := (I — v Xm)n* | + yeerp(xt), nf™ = (I — 'ytfm)n;’fb’l + yeerp(xt)
> VL= By owe [0 — 00, S (072 — 755)) |
> V2= By we [ (75—, Son (X —270)) ]
k—1
. (

_y -1 1
> V3 := EX,W,E(nn Zmnvxw> n% ?:0 Z:t Ew H

e (=% %m) S, Bx o™ @ n}™]
N~ ——

v
=CY
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Proof framework: properties of covariance operators

Properties of f)m

> the diagonal elements are the same a := [im]“,w € [m]

> the non-diagonal elements are the same b := [im]ij,w,j €[m],i#j
Y = (a— b)L, + b11"

> two distinct eigenvalues: A\; = a — b+ bm ~ O(1), A= =Am=a—bn~ O(1/m)
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Proof framework: properties of covariance operators

Properties of f)m

> the diagonal elements are the same a := [im]“,w € [m]

> the non-diagonal elements are the same b := [im]ij,w,j €[m],i#j
Y = (a— b)L, + b11"

> two distinct eigenvalues: A\; = a — b+ bm ~ O(1), A= =Am=a—bn~ O(1/m)

Example (ReLU activation)

> (Em)is = gpg T1(Za)

2m

> (Em)ij = gz Tr(Za)

2mdm
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Proof framework: properties of covariance operators

Properties of f)m

> the diagonal elements are the same a := [im]“,w € [m]

> the non-diagonal elements are the same b := [im]ij,w,j €[m],i#j
Y = (a— b)L, + b11"

> two distinct eigenvalues: Xl =a—b+bm~ O(1), Xz == Xm =a—b~O(1/m)

Example (ReLU activation)

> (Em)is = gpg T1(Za)

2m

> (Em)ij = gz Tr(Za)

2mdm

sub-exponential random variables
IZm ]2, ||Em — §m||2, Tr(3m), and ||§;L1]EW(Z$n)H2 with O(1) sub-exponential norm order
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Function space: from kernel methods to neural networks

efficiently approximate non-smooth functions?

Kernel Met Neural-Networks

reproducing kernel

6der space, Besov space

Curse of dimensionality [7, 13, 14]

[computational cost grows exponentially fast]
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Function space: from kernel methods to neural networks

efficiently approximate non-smooth functions?

Kernel Methods Neural-Networks

reproducing kernel Hil (NTK)

., Hoder space, Besov space

Curse of dimensionality [7, 13, 14]

[computational cost grows exponentially fast]

function space view

what is the suitable function space for neural networks?
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RFMs: function spaces

Consider a RFM with infinite many features f,(x) = fw a(w)e(x,w)du(w), define

Fou = Ao llaller gy < ook, lfll7,. = inf llallr
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RFMs: function spaces

Consider a RFM with infinite many features f,(x) = fw a(w)e(x,w)du(w), define

Fou = Ao llaller gy < ook, lfll7,. = inf llallr

> RFMs = kernel methods by taking p = 2 using Representer theorem [15]
o function space: reproducing kernel Hilbert space Hy, = F2,,

m

l%m(x,x') = %Zd)(x, wi)o(x',wi) — ku(x,x’) :/ d(x, w)d(x", w)dp(w)

i=1 w
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RFMs: function spaces

Consider a RFM with infinite many features f,(x) = fw a(w)e(x,w)du(w), define
Fou = Ao llaller gy < ook, lfll7,. = inf llallr

> RFMs = kernel methods by taking p = 2 using Representer theorem [15]
o function space: reproducing kernel Hilbert space Hy, = F2,,

’%m(":’x/) = %Zd)(x’ wi)(b(xlvwi) - ku(x’x/) :/ ¢(x,w)¢(x’,w)d,u(w)

i=1 w

> RFMs # kernel methods if p < 2
function space: Foo,u € Fp,u C Fqu CF1,uifp>q
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Learning beyond RKHS

learning in Fp,, with p € (1,2) by RFMs
2p—1
> good approximation if m > Q(n? V n2r=2) under interpolation [14] (Celentano, Misiakiewicz, Montanari,
2021)

> duality between approximation and generalization [16] (Chen, Long, Wu, 2023)
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Learning beyond RKHS

learning in Fp,, with p € (1,2) by RFMs
2p—1
> good approximation if m > Q(n? V n2r=2) under interpolation [14] (Celentano, Misiakiewicz, Montanari,
2021)

> duality between approximation and generalization [16] (Chen, Long, Wu, 2023)

Questions

> can we do it more efficiently? from uniform sampling to data-dependent sampling
> how to do SGD beyond RKHS?
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Questions

> can we do it more efficiently? from uniform sampling to data-dependent sampling
> how to do SGD beyond RKHS?

learning in Fp , with p =1 by RFMs

> curse of dimensionality: approximation requires Q(exp(d)) random features [14] (Celentano, Misiakiewicz,
Montanari, 2021)
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Learning beyond RKHS

learning in Fp,, with p € (1,2) by RFMs
2p—1
> good approximation if m > Q(n? V n2r=2) under interpolation [14] (Celentano, Misiakiewicz, Montanari,
2021)

> duality between approximation and generalization [16] (Chen, Long, Wu, 2023)

Questions

> can we do it more efficiently? from uniform sampling to data-dependent sampling
> how to do SGD beyond RKHS?

learning in Fp , with p =1 by RFMs

> curse of dimensionality: approximation requires Q(exp(d)) random features [14] (Celentano, Misiakiewicz,
Montanari, 2021)

beyond RKHS but still not data adaptive!
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From RKHS to Barron space

Definition (Barron space [17] (E, Ma, Wu, 2021))
For any 1 < p < co, we have

B=UiepomyFpus Iflls= enf 1117,
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From RKHS to Barron space

Definition (Barron space [17] (E, Ma, Wu, 2021))
For any 1 < p < co, we have

B=UseromFou, IWfls= ot Ifllz,,

Remark: o Two-layer neural networks: data-adaptive kernel B = U, cpw)Hy,
o equivalent to path norm ||@||p := % Z;’;l lag|l[will1
o parameter space vs. measure space

e.g., [7] (Bach, 2017), [18] (Bartolucci, Vito, Rosasco, Vigogna, 2022).
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From RKHS to Barron space

Definition (Barron space [17] (E, Ma, Wu, 2021))
For any 1 < p < co, we have

B=UiepomyFpus Iflls= enf 1117,

Remark: o Two-layer neural networks: data-adaptive kernel B = U, cpw)Hy,

o equivalent to path norm ||@||p := % Z;’;l lag|l[will1
o parameter space vs. measure space
e.g., [7] (Bach, 2017), [18] (Bartolucci, Vito, Rosasco, Vigogna, 2022).

Optimization in Barron spaces is difficult: curse of dimensionality!
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Optimization

Approximation

approximation  generalization  optimization

RKHS CoD - -
— 24 —F3
Barron spaces O(m~ 4+3) O(n 24+3)7 CoD

> [19] (Siegel, Xu, 2022) on metric entropy

_ 24 _2d
€ a+3 g<log A5(G1,€) Sg€e a3 .
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Approximation

approximation  generalization

Optimization

optimization

RKHS CoD - -
__2d_ _ df3
Barron spaces O(m~ 4+3) O(n 24+3)7 CoD

> [19] (Siegel, Xu, 2022) on metric entropy

2d
T < log N5(Gr, \arTToic 61445~
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a+2  [Ours]



What is the suitable function space beyond RKHS, that can be learned both statistically and
computationally for NNs?
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What is the suitable function space beyond RKHS, that can be learned both statistically and
computationally for NNs?

> Random Features for Kernel Approximation: A Survey on Algorithms, Theory, and Beyond. (Liu, Huang,
Chen, Suykens, TPAMI2021).

> |EEE ICASSP 2023 Tutorial - “Neural networks: the good, the bad, and the ugly”
> CVPR 2023 Tutorial - "Deep learning theory for computer vision”
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What is the suitable function space beyond RKHS, that can be learned both statistically and
computationally for NNs?

> Random Features for Kernel Approximation: A Survey on Algorithms, Theory, and Beyond. (Liu, Huang,
Chen, Suykens, TPAMI2021).

> |EEE ICASSP 2023 Tutorial - “Neural networks: the good, the bad, and the ugly”
> CVPR 2023 Tutorial - "Deep learning theory for computer vision”

Thanks for your attention!

Q&A

my homepage www.1lfhsgre.org for more information!
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