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Outline

❐ SLT4AI: generalization under scaling via norm-based capacities
• How do generalization curves behave under data, norm-based capacity?
• Which function class can be efficiently learned by neural networks?

❐ AI4SLT: empirical process in Lean 4 (Infrastructure)
• Concentration inequality toolbox, Dudley’s entropy integral
• Application to least-squares
• Human-AI collaborative systems

2



Outline

❐ SLT4AI: generalization under scaling via norm-based capacities
• How do generalization curves behave under data, norm-based capacity?
• Which function class can be efficiently learned by neural networks?

❐ AI4SLT: empirical process in Lean 4 (Infrastructure)
• Concentration inequality toolbox, Dudley’s entropy integral
• Application to least-squares
• Human-AI collaborative systems

2



Learning paradigm in the past twenty years

model capacity

Classical U-shaped
 regime

Second-descent
 regime

test loss

image-driven DL

LLM-paradigm

#data >> #parameters #parameters >> #data

• U-shaped curve (Vapnik, 1995; Hastie et al., 2009)
• Double descent (Belkin et al., 2019)
• Scaling law (Kaplan et al., 2020)
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Model capacity: Norm-based capacity

(Bartlett, 1998)
“The size of the weights is more important than the size of the network!”

• Min-norm solution (Neyshabur et al., 2015; Savarese et al., 2019; Hastie et al., 2022)
• Stable approximation...
• Applications: pruning, MoE, layerNorm, RMS Norm, EoS, mu-transfer, Muon...

How do generalization curves behave under norm-based model capacity?

Figure 1: Stanford CS229 lecture notes (Ng and Ma, 2023, Figure 8.12).
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The φ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)
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(c) λ = 0.001

• γ := p/n, p : model size (width), n : data size

p (n = 100) 10 50 100 150 200 250 300 350 400

Test Risk 0.32 0.12 0.29 0.08 0.05 0.04 0.03 0.03 0.03
Norm 2.93 14.66 102.89 35.26 24.76 20.67 18.63 17.47 16.69

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

• Control norm by regularization: L-curve (Hansen, 1992)
• Characterize generalization: Norm-based capacity ✓ , effective dimension ✗ /
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(c) λ = 0.001

• γ := p/n, p : model size (width), n : data size

• Phase transition exists but double descent does not exist
• More close to U-shaped instead of double descent: A φ paradigm
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test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

• Control norm by regularization: L-curve (Hansen, 1992)
• Characterize generalization: Norm-based capacity ✓ , effective dimension ✗ /

5



The φ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

0 1 2 3
(p
n )

0.0

0.2

0.4

te
st

 ri
sk

Test Risk vs. 
ridgeless

= 0.001
= 0.005
= 0.01
= 0.02

= 0.05
= 0.1
= 1
= 5

(a) Test Risk vs. γ

0 50 100
2 norm

0.00

0.15

0.30

te
st

 ri
sk

Test Risk vs. 2 Norm

ridgeless
theory
empirical

(b) Test Risk vs. norm

 

(c) λ = 0.001

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0

test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

• Control norm by regularization: L-curve (Hansen, 1992)
• Characterize generalization: Norm-based capacity ✓ , effective dimension ✗ /

5



The φ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

0 1 2 3
(p
n )

0.0

0.2

0.4

te
st

 ri
sk

Test Risk vs. 
ridgeless

= 0.001
= 0.005
= 0.01
= 0.02

= 0.05
= 0.1
= 1
= 5

(a) Test Risk vs. γ

0 50 100
2 norm

0.00

0.15

0.30

te
st

 ri
sk

Test Risk vs. 2 Norm

ridgeless
theory
empirical

(b) Test Risk vs. norm

 

(c) λ = 0.001

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

• Control norm by regularization: L-curve (Hansen, 1992)
• Characterize generalization: Norm-based capacity ✓ , effective dimension ✗ /

5



The φ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

0 1 2 3
(p
n )

0.0

0.2

0.4

te
st

 ri
sk

Test Risk vs. 
ridgeless

= 0.001
= 0.005
= 0.01
= 0.02

= 0.05
= 0.1
= 1
= 5

(a) Test Risk vs. γ

0 50 100
2 norm

0.00

0.15

0.30

te
st

 ri
sk

Test Risk vs. 2 Norm

ridgeless
theory
empirical

(b) Test Risk vs. norm

 

(c) λ = 0.001

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

• Control norm by regularization: L-curve (Hansen, 1992)

• Characterize generalization: Norm-based capacity ✓ , effective dimension ✗ /

5



The φ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

0 1 2 3
(p
n )

0.0

0.2

0.4

te
st

 ri
sk

Test Risk vs. 
ridgeless

= 0.001
= 0.005
= 0.01
= 0.02

= 0.05
= 0.1
= 1
= 5

(a) Test Risk vs. γ

0 50 100
2 norm

0.00

0.15

0.30

te
st

 ri
sk

Test Risk vs. 2 Norm

ridgeless
theory
empirical

(b) Test Risk vs. norm

 

(c) λ = 0.001

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

• Control norm by regularization: L-curve (Hansen, 1992)
• Characterize generalization: Norm-based capacity ✓ , effective dimension ✗ /

5



Learning with norm-based NNs (Liu, Dadi, Cevher, JMLR’24)

ℓ1-path norm (Neyshabur et al., 2015; E et al., 2021)

∥θ∥P := 1
m

∑m
k=1 |ak|∥wk∥1

Theorem (Informal, sample complexity of learning f⋆ ∈ B)

• Kernel methods require Ω(ϵ−d) samples.

• Two-layer (path-norm) neural networks require Od(ϵ−
2d+2
d+2 ) samples.

[smaller than ϵ−2]
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Which function class can be efficiently learned by neural networks

RKHS hyper-RKHS Barron Sobolev

Statistically-efficient

(Bach 2017; 
Celentano et al. 2021)

(Barron 1993; 
E et al. 2021;

 Liu et al. 2024)

(Schmidt-Hieber 2020)(Chen et al. 2023)(Ong et al. 2004; 
Liu et al. 2021)

(Aronszajn 1950)

Statistically
inefficient

❐ Learning in F1 space as data-adaptive kernels (Radhakrishnan et al., 2024)

min
f∈F1

∥f − f∗∥2
L2(µ) + λ∥f∥F1

❐ Single/multi-index models
• TCS: ReLU neurons (Chen and Narayanan, 2023)
• Low-dimensional polynomials (Arous et al., 2021; Damian et al., 2022; Abbe et al., 2022;

Lee et al., 2024; Dandi et al., 2024; Defilippis et al., 2025)
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AI4SLT...



(Industrial) Revolution in Mathematics via LLMs

Proof generation (LLMs)
Natural-language ideas,

lemmas, candidate arguments

Proof validation/-
formalization (Lean)
Machine-checked for-
mal proof in Lean 4

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

• Validation is bottleneck
• plausibility is not correctness;
• small gaps can invalidate a proof;
• informal checking does not scale to libraries.

• Understanding is the final goal
• Math aims to advance human understanding
• not just a machine for generating formal proofs

Question shift
Can AI suggest a proof? =⇒ Can WE validate, reuse, and help understanding?

8
(Generated by GPT5.5)
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Brief introduction of Lean 4

Lean as a programming language
• We write a mathematical statement and construct a proof as coding
• Lean’s trusted kernel checks that the proof is valid.

❐ State it, but not prove it

Adding zero changes nothing

theorem add_zero
(n : Nat) :
n + 0 = n := by

sorry

sorry as a placeholder:
“I have not provided the proof yet.”

❐ State it and prove it

Verified by Lean

theorem add_zero
(n : Nat) :
n + 0 = n := by

simp

The tactic simp as a strategy:
constructs a proof via Lean’s simplification rules.

9
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Natural-language SLT vs. Lean 4 obligations

Mathematical phrase What Lean asks for

“Take a supremum over a class” Topology, measurability, boundedness or extended-real
formulation

“Apply concentration” Exact Lipschitz structure, distributional assumptions, in-
tegrability

“Use covering numbers” Metric-space structure, finite nets, cardinal coercions,
monotonicity

“Integrate entropy” R vs. R≥0 ∪ {∞} integral interface
“By density” Approximation sequence, convergence mode, preserva-

tion of constants
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AI4SLT from empirical process (Zhang, Lee, Liu, ICML’26)

Wainwright (2019) (High-dimensional Statistics, HDS)

Boucheron et al. (2013) (Concentration Inequality, CI)

Concentration
High-probability control of the empirical
process fluctuation.

P{|f(X) − Ef(X)| ≥ t} ≤ 2 exp
(

− t2

2L2

)
.

Capacity control
Localize around f⋆:

F(δ) = {f ∈ F : d(f, f⋆) ≤ δ},

then bound complexity by metric entropy:

Gn(F(δ)) ≲ 1√
n

∫ 2δ

0

√
log N (ϵ,F(δ), d) dϵ.

12



Dependency graph and deliverables

Covering Number

Chaining

Sub-Gaussian Process

Metric Entropy

Dudley

Efron-Stein Gaussian Poincaré Gaussian LSI

Density Arguments

Gaussian Lipschitz
Concentration

Gaussian Complexity

Master Error Bound

Linear Regression

Linear
Covering

Linear
Entropy
Integral

Sharp Rate

Application

Main implementation
• Gaussian concentration analysis toolbox.
• Dudley’s entropy integral.
• Human-AI workflow.

Scale

Lean 4 code ∼ 30,000 lines
Theorems/lemmas 1000+
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Gaussian concentration: target theorem

Gaussian Lipschitz concentration
Let X ∼ N (0, In) and f : Rn → R be L-Lipschitz. Then, for all t ≥ 0,

P{f(X) − Ef(X) ≥ t} ≤ exp
(

− t2

2L2

)
.

Covering Number

Chaining

Sub-Gaussian Process

Metric Entropy

Dudley

Efron-Stein Gaussian Poincaré Gaussian LSI

Density Arguments

Gaussian Lipschitz
Concentration

Gaussian Complexity

Master Error Bound

Linear Regression

Linear
Covering

Linear
Entropy
Integral

Sharp Rate

Application
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Example interface: Efron–Stein inequality

Mathematical statement
Let X = (X1, . . . , Xn) be a vector of n independent random variables and Z = f(X)
square-integrable. With E(i) denoting conditional expectation over all coordinates except i,

Var(Z) ≤
n∑

i=1
E

[(
Z − E(i)[Z]

)2
]
.

❐ Leave-one-coordinate conditional expectation
noncomputable def condExpExceptCoord

(i : Fin n) (f : (Fin n -> Omega) -> R) :
(Fin n -> Omega) -> R :=
fun x => integral y, f (Function.update x i y) d(mus i)

theorem efronStein
(f : (Fin n -> Omega) -> R) (hf : MemLp f 2 mus) :
variance f mus <=

sum i : Fin n, integral x, (f x - condExpExceptCoord i f x)^2 dmus := by

15



Why is Lean formalization complex?

We want to prove
Law(X(i)) = µ1 ⊗ · · · ⊗ µn

Key Point

❐ Natural language: Resampling one independent coordinate preserves the joint distribution

❐ Lean: Prove that a pushforward of a product measure equals the original product measure

product measures measurable maps pushforwards Fubini’s theorem measure rectangles.

Density argument (missing in the textbook (Boucheron et al., 2013))

Gaussian LSI on C∞
c =⇒ Gaussian LSI on W 1,2(γ)

Gaussian Lipschitz concentration on C∞
c =⇒ ...
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Human–AI collaborative formalization

Structured TASK.md protocol
Each task specification contains:

1. also need NL target statement;
2. tactic-level proof plan (for agents);
3. relevant file paths and expected crossref;
4. hard boundaries for what the agent should

not rewrite.

Collaborative level

Autonomous ∼ 15%
Sketch-guided ∼ 30%
Specified under NL proofs ∼ 40%
Human-critical ∼ 15%

Takeaway
The dominant bottleneck is not tactic writing; it is converting compressed mathematical prose
into precise, decomposed proof architecture.

17
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Practical lessons for formalization

❐ Decompose aggressively. Target small lemmas that fit within one agent context window.

❐ Specify more than the theorem. Include local APIs, intended proof route.
❐ Treat persistent failure as mathematical signal. Recheck the statement and look for

missing assumptions or counterexamples.
❐ Make hidden regularity reusable. Integrability, continuity, nonemptiness, and

boundedness hypotheses become reusable theorem contracts.
❐ To agent: don’t frequently change the proof!

• Know more details (e.g., implicit assumptions)
• Know which key infrastructure is reused (structure view, multi-scale understanding)
• proof connections (e.g., Gaussian Poincaré by Efron-Stein, Hermite decomposition, OU

semigroup)
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boundedness hypotheses become reusable theorem contracts.

❐ To agent: don’t frequently change the proof!

• Know more details (e.g., implicit assumptions)
• Know which key infrastructure is reused (structure view, multi-scale understanding)
• proof connections (e.g., Gaussian Poincaré by Efron-Stein, Hermite decomposition, OU
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If Mathlib is “complete”, can we autoformalize research-level problems even with proof gap?
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Takeaway: From SLT4AI to AI4SLT

❐ The φ curve: be aware of model capacity!
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• Verified reusable SLT toolbox;
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Why it matters
• Machine-checked used for the review

system and insights for AI4AI/ML;
• Multi-scale understanding.
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Background: Random features ridge regression

fp(x; θ) =
p∑

i=1
aiϕ(x,wi), θ := {(ai,wi)}p

i=1

• ϕ : X × W → R, e.g., ReLU: ϕ(x,w) = max(⟨x,w⟩, 0)

• Random features models (RFMs) (Rahimi and Recht, 2007; Liu et al., 2021):
◦ {wi}p

i=1
iid∼ µ for a given µ ∈ P(W)

◦ only train the second layer

â := argmina∈Rp

{
n∑

i=1
(yi − f(xi; a))2 + λ∥a∥2

2

}
=

(
Z⊤Z + λIp

)−1
Z⊤y .

◦ Z ∈ Rn×p with [Z]ij = 1√
m
ϕ(xi,wj).

• Norm over the first-layer (untrained) ∥W ∥F

• Norm over the second-layer ∥â∥2
2
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Background: Test risk of random features model

◦ A compact integral operator T : L2(ρX) → L2(µW) for any f ∈ L2(ρX) (Defilippis et al.,
2024)

(Tf)(w) :=
∫
Rd

ϕ(x,w)f(x)dρ(x) , T =
∞∑

k=1
ξkψkφ

∗
k .

◦ Covariate feature matrix G :=[g1, . . . , gn]⊤ ∈Rn×∞ with gi := (ψk(xi))k≥1

◦ Weight feature matrix H :=[h1, . . . ,hp]⊤ ∈Rp×∞ with hj := (ξkφk(wj))k≥1

◦ target function: f∗(x) =
∑

k≥1 θ∗,kψk(x)

RRFM := Eε

∥∥∥∥θ∗ − 1
√
p

H⊤â

∥∥∥∥2

2
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∥∥∥∥2

2



Control norm by tuning λ: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)
One-to-one mapping between norm and λ
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FIG. 1. The Tikhonov L-curve (llAx bII, LxT II)foran example with uncorrelated errors (white noise).
Also shown as circles are the truncated GSVD solutions.
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FIG. 2. The exact solution o (solid line) and three regularized solutionsx corresponding to the three values
of A shown in Fig. 1.

Hence, for the right-hand side, the perturbation e has elements ei bi -b; and similarly
for the matrix.

Both types of errors give rise to Fourier coefficients uTe (where u are the left sin-
gular vectors of.) that decay with increasing i; i.e., e has more low-frequency than high-
frequency components. The "spectrum" luTe[ for type-1 errors is much flatter than that
for type-2 errors.

Regarding the errors of type 1, both the L-curve and the GCV function behave pre-
cisely as in the case of white noise. Hence, both the L-curve criterion and the GCV
method compute good regularization parameters. No results are shown for this case.
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Figure 2: Source from Hansen (1992).
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An example of linear regression: Textbook level and beyond

• n i.i.d. samples {(xi, yi)}n
i=1 with xi ∈ Rd, yi ∈ R

• y = ⟨β∗,x⟩ + ε, E(ε) = 0 and V(ε) = σ2, covariance matrix Σ = E[xx⊤]
• ridge regression: β̂ = (X⊤X + λI)−1X⊤y

Target: precise analysis

The expected test risk Eε∥β̂ − β∗∥2
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition Eε∥β̂∥2
2 = BN ,λ + VN ,λ.

For well-behaved data and Σ, we have BN ,λ ∼ BN,λ and VN ,λ ∼ VN,λ, w.h.p.

BN,λ :=⟨β∗,Σ2(Σ + λ∗)−2β∗⟩+ Tr(Σ(Σ + λ∗)−2)
n

λ2
∗⟨β∗,Σ(Σ+λ∗)−2β∗⟩

1− 1
n Tr(Σ2(Σ+λ∗)−2)︸ ︷︷ ︸

BR,λ

,

VN,λ := σ2 Tr(Σ(Σ + λ∗)−2)
n− Tr(Σ2(Σ + λ∗)−2) .

Remark: Which model capacity suffices to characterize the test risk?

• Norm-based capacity: ✓ ,

• effective dimension-style Tr(Σ(Σ + λI)−1): ✗ /



Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition Eε∥β̂∥2
2 = BN ,λ + VN ,λ.

For well-behaved data and Σ, we have BN ,λ ∼ BN,λ and VN ,λ ∼ VN,λ, w.h.p.

BN,λ :=⟨β∗,Σ2(Σ + λ∗)−2β∗⟩+ Tr(Σ(Σ + λ∗)−2)
n

λ2
∗⟨β∗,Σ(Σ+λ∗)−2β∗⟩

1− 1
n Tr(Σ2(Σ+λ∗)−2)︸ ︷︷ ︸

BR,λ

,

VN,λ := σ2 Tr(Σ(Σ + λ∗)−2)
n− Tr(Σ2(Σ + λ∗)−2) .

Remark: Which model capacity suffices to characterize the test risk?

• Norm-based capacity: ✓ ,

• effective dimension-style Tr(Σ(Σ + λI)−1): ✗ /



Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition Eε∥β̂∥2
2 = BN ,λ + VN ,λ.

For well-behaved data and Σ, we have BN ,λ ∼ BN,λ and VN ,λ ∼ VN,λ, w.h.p.

BN,λ :=⟨β∗,Σ2(Σ + λ∗)−2β∗⟩+ Tr(Σ(Σ + λ∗)−2)
n

λ2
∗⟨β∗,Σ(Σ+λ∗)−2β∗⟩

1− 1
n Tr(Σ2(Σ+λ∗)−2)︸ ︷︷ ︸

BR,λ

,

VN,λ := σ2 Tr(Σ(Σ + λ∗)−2)
n− Tr(Σ2(Σ + λ∗)−2) .

Remark: Which model capacity suffices to characterize the test risk?

• Norm-based capacity: ✓ ,

• effective dimension-style Tr(Σ(Σ + λI)−1): ✗ /



Example: Relationship under isotropic features (Σ = Id)

❐ Test risk Rλ and norm Nλ formulates a cubic curve (complex but precise).

• min-norm interpolator (λ = 0):

R0 =

 N0 − ∥β∗∥2
2; in under-parameterized regimes√

[N0 − (∥β∗∥2
2 − σ2)]2 + 4∥β∗∥2

2σ
2 − σ2 .

Why? ◦ Variance is the same
◦ λ∗ = 0 (under-parameterized)
◦ λ∗ = d−n

n (over-parameterized)

• optimal regularization λ = dσ2

∥β∗∥2
2

(Wu and Xu, 2020):

Rλ = ∥β∗∥2
2 − Nλ

• λ → ∞: Rλ =
(
∥β∗∥2 −

√
Nλ

)2
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Precise analysis via deterministic equivalence

❐ Precisely describe the learning curve.
• phase transitions, (non-)monotonicity, etc.

❐ Enables accurate comparison between estimators/algorithms.
• Foundations of scaling law: data or parameter under the same budget, etc.

Deterministic 
equivalence

Upper/lower 
bound

Your bound is
loose!

Your model is
simple!

Is ℓ2 norm-based capacity best for characterizing generalization?
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020), and their
correlation with generalization.

name definition rank correlation
Parameter Frobenius norm

∑L

i=1
∥Wi∥2

F 0.073

Frobenius distance to initialization
∑L

i=1
∥Wi − W 0

i ∥2
F −0.263

Spectral complexity
∏L

i=1
∥Wi∥

(∑L

i=1

∥Wi∥3/2
2,1

∥Wi∥3/2

)2/3

−0.537

Fisher-Rao (L+1)2
n

∑n

i=1
⟨W , ∇W ℓ(hW (xi), yi)⟩ 0.078

Path-norm
∑

(i0,...,iL)

∏L

j=1

(
Wij ,ij−1

)2
0.373
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Proof sketch: convex hull technique and its constant

• Consider the following function space

F = {σ(⟨w̃, ·⟩) : w̃ ∈ W} ∪ {0} ∪ {−σ(⟨w̃, ·⟩) : w̃ ∈ Sd−1
1 with the ℓ1 ball}

• the convex hull of F is

convF =
{

m∑
i=1

αifi

∣∣∣∣fi ∈ F ,
m∑

i=1
αi = 1, αi ⩾ 0,m ∈ N

}
.

• convex hull technique (Van Der Vaart et al., 1996, Theorem 2.6.9)

log N2(G1, ϵ) ⩽ log N2(convF , ϵ, 1
n
δxi) ⩽ C

(
1
ϵ

) 2d
d+2

.

• estimate the constant C

C := Dk︸︷︷︸
=Θ(d)

[ Ck︸︷︷︸
=Θ(1)

(2d+1 + 1) 1
d ]

2d
d+2 ≤ 107d if d > 5
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m∑
i=1

αifi

∣∣∣∣fi ∈ F ,
m∑

i=1
αi = 1, αi ⩾ 0,m ∈ N

}
.

• convex hull technique (Van Der Vaart et al., 1996, Theorem 2.6.9)

log N2(G1, ϵ) ⩽ log N2(convF , ϵ, 1
n
δxi) ⩽ C

(
1
ϵ

) 2d
d+2

.

• estimate the constant C

C := Dk︸︷︷︸
=Θ(d)

[ Ck︸︷︷︸
=Θ(1)

(2d+1 + 1) 1
d ]

2d
d+2 ≤ 107d if d > 5



Dudley’s entropy integral

Mathematical statement
Let (A, d) be a pseudo-metric space, T ⊆ A totally bounded, diam(s) ≤ D, and {Xt}t∈T a
normalized sub-Gaussian process with parameter σ. Under integrability and path-continuity
hypotheses,

E
[
sup
t∈T

Xt

]
≤ 12

√
2σ

∫ D

0

√
log N (ϵ, T, d) dϵ .

Why it is complex in Lean
The proof combines finite nets, sub-Gaussian maximum inequalities, dyadic chaining,
Fatou-type limits, and real vs. nonnegative integration APIs.

One proof-engineering issue
The convenient measure-theoretic integral lives in R≥0 ∪ {∞}, while downstream SLT
inequalities are stated over R.
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