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P SLT4AI: generalization under scaling via norm-based capacities

= How do generalization curves behave under data, norm-based capacity?
= Which function class can be efficiently learned by neural networks?
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P AI4SLT: empirical process in Lean 4 (Infrastructure)
= Concentration inequality toolbox, Dudley’s entropy integral
= Application to least-squares
= Human-Al collaborative systems



Learning paradigm in the past twenty years

LLM-paradigm

Classical U-shaped image-driven D% Second-descent
regime : regime

test loss
A

#data >> #parameters #parameters >> #data

model capacity "

= U-shaped curve (Vapnik, 1995; Hastie et al., 2009)
= Double descent (Belkin et al., 2019)
= Scaling law (Kaplan et al., 2020)
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How do generalization curves behave under norm-based model capacity? )

Figure 1: Stanford CS229 lecture notes (Ng and Ma, 2023, Figure 8.12).



The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

(a) Test Risk vs. y (b) Test Risk vs. norm (c) A =10.001

= vy :=p/n, p: model size (width), n : data size

p (n = 100) 10 50 100 150 200 250 300 350 400

Test Risk 0.32 0.12 0.29 0.08 0.05 0.04 0.03 0.03 0.03
Norm 293 1466 102.89 35.26 24.76 20.67 18.63 17.47 16.69




The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

(a) Test Risk vs. y (b) Test Risk vs. norm (c) A =10.001
= vy :=p/n, p: model size (width), n : data size

Phase transition exists but double descent does not exist
More close to U-shaped instead of double descent: A ¢ paradigm




The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

(a) Test Risk vs. y (b) Test Risk vs. norm (c) A =10.001

= Reshape scaling-law:
test loss = A x Data Size™@ + B x Model Size™® + C with a,bh >0



The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

(a) Test Risk vs. y (b) Test Risk vs. norm (c) A =10.001

= Reshape scaling-law:
test loss = A x Data Size™@ + B x Model Size™ + C with a,b >0
test loss = A x Data Size™ x Norm Capacity ™ witha>0and b [Rl



The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

(a) Test Risk vs. y (b) Test Risk vs. norm (c) A =10.001

= Reshape scaling-law:
test loss = A x Data Size™@ + B x Model Size™ + C with a,b >0
test loss = A x Data Size™ x Norm Capacity ™ witha>0and b [Rl

= Control norm by regularization: L-curve (Hansen, 1992)



The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

(a) Test Risk vs. y (b) Test Risk vs. norm (c) A =10.001

= Reshape scaling-law:
test loss = A x Data Size™@ + B x Model Size™ + C with a,b >0
test loss = A x Data Size™ x Norm Capacity ™ witha>0and b [Rl

= Control norm by regularization: L-curve (Hansen, 1992)
<= Characterize generalization: Norm-based capacity 3 , e [edtive dimension 7 /



Learning with norm-based NNs (Liu, Dadi, Cevher, JMLR'24)
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Which function class can be efficiently learned by neural networks
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p Learning in F; space as data-adaptive kernels (Radhakrishnan et al., 2024)
min - £ ) + AFLe]

p Single/multi-index models
= TCS: ReLU neurons (Chen and Narayanan, 2023)
= Low-dimensional polynomials (Arous et al., 2021; Damian et al., 2022; Abbe et al., 2022;
Lee et al., 2024; Dandi et al., 2024; Defilippis et al., 2025)
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