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Outline

❐ MATH4AI
• generalization under scaling...
• theory contributes to practice...LLM fine-tuning

❐ AI4MATH
• Modeling mathematical reasoning of LLMs
• Machine learning theory in Lean 4 (Infrastructure)
• Harness engineering for auto-formalization
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In the era of deep learning

Prefer more data and larger model to obtain better performance...
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1.5 billion
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GPT-3, Chat-GPT:
175 billion
parameters
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Larger is better!

Figure 1: Larger models make increasingly efficient use of in-context information: source from OpenAI.
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Generalization under scaling...

model capacity

Classical U-shaped
 regime

test loss

#data >> #parameters

Proposed explanation: double descent (Belkin et al., 2019)
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A toy example: curve fitting
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<function __main__.run(d, save=False)>

norm:  77.56023507806226

run(d=20)

norm:  1.4191230288785373

run(d=3)

run(d=1000)

(a) yi = fρ(xi) + εi

check 0 秒 完成时间：10:48
Colab 付费产品 - 在此处取消合同
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norm:  0.8353271714048255
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(d) overfitting

check 0 秒 完成时间：10:48
Colab 付费产品 - 在此处取消合同

norm:  1.393267492538217

norm:  0.8353271714048255
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Figure 2: Test performance on curve fitting. Source: OpenAI.
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Double descent curve in practice (I)

Typical examples:

• linear/nonlinear regression (Hastie et al., 2022)
• random features, random forest, and shallow neural networks (Belkin et al., 2019)
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Figure 3: Experiments on MNIST. Source: (Belkin et al., 2019). 7



Double descent curve in practice (II)

DEEP DOUBLE DESCENT:
WHERE BIGGER MODELS AND MORE DATA HURT
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ABSTRACT

We show that a variety of modern deep learning tasks exhibit a “double-descent”
phenomenon where, as we increase model size, performance first gets worse and
then gets better. Moreover, we show that double descent occurs not just as a
function of model size, but also as a function of the number of training epochs.
We unify the above phenomena by defining a new complexity measure we call
the effective model complexity and conjecture a generalized double descent with
respect to this measure. Furthermore, our notion of model complexity allows us to
identify certain regimes where increasing (even quadrupling) the number of train
samples actually hurts test performance.

1 INTRODUCTION

Figure 1: Left: Train and test error as a function of model size, for ResNet18s of varying width
on CIFAR-10 with 15% label noise. Right: Test error, shown for varying train epochs. All models
trained using Adam for 4K epochs. The largest model (width 64) corresponds to standard ResNet18.

The bias-variance trade-off is a fundamental concept in classical statistical learning theory (e.g.,
Hastie et al. (2005)). The idea is that models of higher complexity have lower bias but higher vari-
ance. According to this theory, once model complexity passes a certain threshold, models “overfit”
with the variance term dominating the test error, and hence from this point onward, increasing model
complexity will only decrease performance (i.e., increase test error). Hence conventional wisdom
in classical statistics is that, once we pass a certain threshold, “larger models are worse.”

However, modern neural networks exhibit no such phenomenon. Such networks have millions of
parameters, more than enough to fit even random labels (Zhang et al. (2016)), and yet they perform
much better on many tasks than smaller models. Indeed, conventional wisdom among practitioners
is that “larger models are better’’ (Krizhevsky et al. (2012), Huang et al. (2018), Szegedy et al.

⇤Work performed in part while Preetum Nakkiran was interning at OpenAI, with Ilya Sutskever. We espe-
cially thank Mikhail Belkin and Christopher Olah for helpful discussions throughout this work. Correspondence
Email: preetum@cs.harvard.edu
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(a) ResNet18 under scaling
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(b) Optimal early stopping

Figure 4: Experiment on ResNet18. Source: (Nakkiran et al., 2019) from OpenAI.

Double descent is observed under 15% label noise...
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(b) Optimal early stopping

Figure 4: Experiment on ResNet18. Source: (Nakkiran et al., 2019) from OpenAI.

Double descent is observed under 15% label noise...
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Scaling law in the era of LLMs

Scaling law (Kaplan et al., 2020)

test loss = A × Model Size−a + B × Data Size−b + C

Dataset Size 
tokens

Parameters 
non-embedding

Compute 
PF-days, non-embedding

Te
st

 L
os

s

Figure 1 Language modeling performance improves smoothly as we increase the model size, datasetset
size, and amount of compute2 used for training. For optimal performance all three factors must be scaled
up in tandem. Empirical performance has a power-law relationship with each individual factor when not
bottlenecked by the other two.

Performance depends strongly on scale, weakly on model shape: Model performance depends most
strongly on scale, which consists of three factors: the number of model parameters N (excluding embed-
dings), the size of the dataset D, and the amount of compute C used for training. Within reasonable limits,
performance depends very weakly on other architectural hyperparameters such as depth vs. width. (Section
3)

Smooth power laws: Performance has a power-law relationship with each of the three scale factors
N,D,C when not bottlenecked by the other two, with trends spanning more than six orders of magnitude
(see Figure 1). We observe no signs of deviation from these trends on the upper end, though performance
must flatten out eventually before reaching zero loss. (Section 3)

Universality of overfitting: Performance improves predictably as long as we scale up N and D in tandem,
but enters a regime of diminishing returns if either N or D is held fixed while the other increases. The
performance penalty depends predictably on the ratio N0.74/D, meaning that every time we increase the
model size 8x, we only need to increase the data by roughly 5x to avoid a penalty. (Section 4)

Universality of training: Training curves follow predictable power-laws whose parameters are roughly
independent of the model size. By extrapolating the early part of a training curve, we can roughly predict the
loss that would be achieved if we trained for much longer. (Section 5)

Transfer improves with test performance: When we evaluate models on text with a different distribution
than they were trained on, the results are strongly correlated to those on the training validation set with
a roughly constant offset in the loss – in other words, transfer to a different distribution incurs a constant
penalty but otherwise improves roughly in line with performance on the training set. (Section 3.2.2)

Sample efficiency: Large models are more sample-efficient than small models, reaching the same level of
performance with fewer optimization steps (Figure 2) and using fewer data points (Figure 4).

Convergence is inefficient: When working within a fixed compute budget C but without any other restric-
tions on the model size N or available data D, we attain optimal performance by training very large models
and stopping significantly short of convergence (see Figure 3). Maximally compute-efficient training would
therefore be far more sample efficient than one might expect based on training small models to convergence,
with data requirements growing very slowly as D ∼ C0.27 with training compute. (Section 6)

Optimal batch size: The ideal batch size for training these models is roughly a power of the loss only,
and continues to be determinable by measuring the gradient noise scale [MKAT18]; it is roughly 1-2 million
tokens at convergence for the largest models we can train. (Section 5.1)

Taken together, these results show that language modeling performance improves smoothly and predictably
as we appropriately scale up model size, data, and compute. We expect that larger language models will
perform better and be more sample efficient than current models.

3

Figure 5: Empirical scaling laws. Source: (Kaplan et al., 2020)
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Learning paradigm in the past twenty years

model capacity

Classical U-shaped
 regime

Second-descent
 regime

test loss
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#data >> #parameters #parameters >> #data

• U-shaped curve (Vapnik, 1995; Hastie et al., 2009)
• Double descent (Belkin et al., 2019)
• Scaling law (Kaplan et al., 2020)
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Model capacity

“Remove bias-variance trade-offs from ML textbooks"
I can define model capacity at random and see whatever curve I want to see.

— Ben Recht, 2025
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The bias-variance trade-off is a fundamental concept in classical statistical learning theory (e.g.,
Hastie et al. (2005)). The idea is that models of higher complexity have lower bias but higher vari-
ance. According to this theory, once model complexity passes a certain threshold, models “overfit”
with the variance term dominating the test error, and hence from this point onward, increasing model
complexity will only decrease performance (i.e., increase test error). Hence conventional wisdom
in classical statistics is that, once we pass a certain threshold, “larger models are worse.”
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parameters, more than enough to fit even random labels (Zhang et al. (2016)), and yet they perform
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(a) Results on ResNet18 (Nakkiran et al., 2019)
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complexity will only decrease performance (i.e., increase test error). Hence conventional wisdom
in classical statistics is that, once we pass a certain threshold, “larger models are worse.”

However, modern neural networks exhibit no such phenomenon. Such networks have millions of
parameters, more than enough to fit even random labels (Zhang et al. (2016)), and yet they perform
much better on many tasks than smaller models. Indeed, conventional wisdom among practitioners
is that “larger models are better’’ (Krizhevsky et al. (2012), Huang et al. (2018), Szegedy et al.
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(b) Optimal early stopping (Nakkiran et al., 2019).
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Model capacity: Norm-based capacity

(Bartlett, 1998)
“The size of the weights is more important than the size of the network!”

• Min-norm solution (Neyshabur et al., 2015; Savarese et al., 2019; Hastie et al., 2022)
• Stable approximation...
• Applications: pruning, MoE, layerNorm, RMS Norm, EoS, mu-transfer, Muon...

How do generalization curves behave under norm-based model capacity?

Figure 6: Stanford CS229 lecture notes (Ng and Ma, 2023, Figure 8.12).
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Background: Random features ridge regression

[x]1

[x]2

[x]d

...

ϕ1
W1,1

ϕ2
W2,1

ϕ3

W3,1

ϕp

Wp,1

...

y

a1

a2

a3

ap

input
x ∈ Rd

hidden layer
ϕi = σ⟨wi,x⟩

output
y ∈ R

fp(x; θ) =
p∑

i=1
aiϕ(x,wi), θ := {(ai,wi)}p

i=1

• ϕ : X × W → R, e.g., ReLU:
ϕ(x,w) = max(⟨x,w⟩, 0)

• Random features models (RFMs) (Rahimi and
Recht, 2007; Liu et al., 2021):
◦ {wi}p

i=1
iid∼ µ for a given µ ∈ P(W)

◦ only train the second layer

â := argmina∈Rp

{
n∑

i=1
(yi − f(xi; a))2 + λ∥a∥2

2

}
=

(
Z⊤Z + λIp

)−1
Z⊤y .

◦ Z ∈ Rn×p with [Z]ij = 1√
m
ϕ(xi,wj).

• Norm over the first-layer (untrained) ∥W ∥F

• Norm over the second-layer ∥â∥2
2
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The φ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)
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(c) λ = 0.001

• γ := p/n, p : model size (width), n : data size

p (n = 100) 10 50 100 150 200 250 300 350 400

Test Risk 0.32 0.12 0.29 0.08 0.05 0.04 0.03 0.03 0.03
Norm 2.93 14.66 102.89 35.26 24.76 20.67 18.63 17.47 16.69

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R
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(c) λ = 0.001

• γ := p/n, p : model size (width), n : data size

• Phase transition exists but double descent does not exist
• More close to U-shaped instead of double descent: A φ paradigm

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R
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Control norm by tuning λ: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)
One-to-one mapping between norm and λ
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FIG. 1. The Tikhonov L-curve (llAx bII, LxT II)foran example with uncorrelated errors (white noise).
Also shown as circles are the truncated GSVD solutions.
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FIG. 2. The exact solution o (solid line) and three regularized solutionsx corresponding to the three values
of A shown in Fig. 1.

Hence, for the right-hand side, the perturbation e has elements ei bi -b; and similarly
for the matrix.

Both types of errors give rise to Fourier coefficients uTe (where u are the left sin-
gular vectors of.) that decay with increasing i; i.e., e has more low-frequency than high-
frequency components. The "spectrum" luTe[ for type-1 errors is much flatter than that
for type-2 errors.

Regarding the errors of type 1, both the L-curve and the GCV function behave pre-
cisely as in the case of white noise. Hence, both the L-curve criterion and the GCV
method compute good regularization parameters. No results are shown for this case.
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An example of linear regression: Textbook level and beyond

• n i.i.d. samples {(xi, yi)}n
i=1 with xi ∈ Rd, yi ∈ R

• y = ⟨β∗,x⟩ + ε, E(ε) = 0 and V(ε) = σ2, covariance matrix Σ = E[xx⊤]
• ridge regression: β̂ = (X⊤X + λI)−1X⊤y

Target: precise analysis

The expected test risk Eε∥β̂ − β∗∥2
Σ vs. the norm Eε∥β̂∥2

2

❐ Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and Saeed, 2024;
Bach, 2024)

❐ Bias-variance decomposition on the test risk

• BLS
R,λ = λ2⟨β∗, (X⊤X + λI)−1Σ(X⊤X + λI)−1β∗⟩

• VLS
R,λ = σ2Tr(ΣX⊤X(X⊤X + λI)−2)

16
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∼ Tr
(
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√
n).
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition Eε∥β̂∥2
2 = BN ,λ + VN ,λ.

For well-behaved data and Σ, we have BN ,λ ∼ BN,λ and VN ,λ ∼ VN,λ, w.h.p.

BN,λ :=⟨β∗,Σ2(Σ + λ∗)−2β∗⟩+ Tr(Σ(Σ + λ∗)−2)
n

λ2
∗⟨β∗,Σ(Σ+λ∗)−2β∗⟩

1− 1
n Tr(Σ2(Σ+λ∗)−2)︸ ︷︷ ︸

BR,λ

,

VN,λ := σ2 Tr(Σ(Σ + λ∗)−2)
n− Tr(Σ2(Σ + λ∗)−2) .

Remark: Which model capacity suffices to characterize the test risk?

• Norm-based capacity: ✓ ,

• effective dimension-style Tr(Σ(Σ + λI)−1): ✗ /

17
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Example: Relationship under isotropic features (Σ = Id)

❐ Test risk Rλ and norm Nλ formulates a cubic curve (complex but precise).

• min-norm interpolator (λ = 0):

R0 =

 N0 − ∥β∗∥2
2; in under-parameterized regimes√

[N0 − (∥β∗∥2
2 − σ2)]2 + 4∥β∗∥2

2σ
2 − σ2 .

Why? ◦ Variance is the same
◦ λ∗ = 0 (under-parameterized)
◦ λ∗ = d−n

n (over-parameterized)

• optimal regularization λ = dσ2

∥β∗∥2
2

(Wu and Xu, 2020):

Rλ = ∥β∗∥2
2 − Nλ

• λ → ∞: Rλ =
(
∥β∗∥2 −

√
Nλ

)2
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Precise analysis via deterministic equivalence

❐ Precisely describe the learning curve.
• phase transitions, (non-)monotonicity, etc.

❐ Enables accurate comparison between estimators/algorithms.
• Foundations of scaling law: data or parameter under the same budget, etc.

Deterministic 
equivalence

Upper/lower 
bound

Your bound is
loose!

Your model is
simple!

Is ℓ2 norm-based capacity best for characterizing generalization?

19
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020).

name definition rank correlation
Parameter Frobenius norm

∑L

i=1
∥Wi∥2

F 0.073

Frobenius distance to initialization
∑L

i=1
∥Wi − W 0

i ∥2
F −0.263

Spectral complexity
∏L

i=1
∥Wi∥

(∑L

i=1

∥Wi∥3/2
2,1

∥Wi∥3/2

)2/3

−0.537

Fisher-Rao (L+1)2
n

∑n

i=1
⟨W , ∇W ℓ(hW (xi), yi)⟩ 0.078

Path-norm
∑

(i0,...,iL)

∏L

j=1

(
Wij ,ij−1

)2
0.373
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Figure 8: Experiments on two-layer neural networks. Source: Wang et al. (2025).
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Two-layer neural networks, path norm
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ϕm

Wm,1
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y

a1

a2

a3

am

input
x ∈ Rd

hidden layer
ϕi = σ⟨wi,x⟩

output
y ∈ R

ℓ1-path norm (Neyshabur et al.,
2015)

∥θ∥P := 1
m

∑m
k=1 |ak|∥wk∥1

• equivalent to Barron spaces B
(Barron, 1993; E et al., 2021)

B := ∪µ∈P(W){fa : ∥a∥L2(µ) < ∞}

• Variation in only a few directions
(Parhi and Nowak, 2022)

Theorem (Informal results from Liu et al. (2024))

To achieve ϵ-excess risk, kernel methods require Ω(ϵ−d) samples but
• Two-layer neural networks require Od(ϵ−

2d+2
d+2 ) samples. [smaller than ϵ−2]

21
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Which function class can be efficiently learned by neural networks

RKHS hyper-RKHS Barron Sobolev

Statistically-efficient

(Bach 2017; 
Celentano et al. 2021)

(Barron 1993; 
E et al. 2021;

 Liu et al. 2024)

(Schmidt-Hieber 2020)(Chen et al. 2023)(Ong et al. 2004; 
Liu et al. 2021)

(Aronszajn 1950)

Computationally-efficient Computationally-inefficient

Statistically
inefficient

❐ Single/multi-index models
• TCS: ReLU neurons (Chen and Narayanan, 2023)
• Low-dimensional polynomials (Arous et al., 2021; Damian et al., 2022; Abbe et al., 2022;

Lee et al., 2024; Dandi et al., 2024)
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How does theory contribute to
practice?



How does theory contribute to practice?

❐ LoRA in LLM fine-tuning...

• understanding: subspace alignment
• theory-grounded algorithm for efficiency improvement
• clarify misconceptions
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Cost for Pre-training

24

(Figure credit: Epoch AI)

https://epochai.org/blog


From pre-training to (parameter-efficient) fine-tuning
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for downstream tasks. Compared to GPT-3 175B fine-tuned with Adam, LoRA
can reduce the number of trainable parameters by a factor of 10,000 and the GPU
memory requirement by a factor of 3. LoRA performs on-par or better than fine-
tuning in model quality on RoBERTa, DeBERTa, GPT-2, and GPT-3, despite hav-
ing fewer trainable parameters, a higher training throughput, and, unlike adapters,
no additional inference latency. We also provide an empirical investigation into
rank-deficiency in language model adaptation, which sheds light on the efficacy of
LoRA. We release a package that facilitates the integration of LoRA with PyTorch
models and provide our implementations and model checkpoints for RoBERTa,
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Figure 1: Our reparametriza-
tion. We only train A and B.

Many applications in natural language processing rely on adapt-
ing one large-scale, pre-trained language model to multiple down-
stream applications. Such adaptation is usually done via fine-tuning,
which updates all the parameters of the pre-trained model. The ma-
jor downside of fine-tuning is that the new model contains as many
parameters as in the original model. As larger models are trained
every few months, this changes from a mere “inconvenience” for
GPT-2 (Radford et al., b) or RoBERTa large (Liu et al., 2019) to a
critical deployment challenge for GPT-3 (Brown et al., 2020) with
175 billion trainable parameters.1

Many sought to mitigate this by adapting only some parameters or
learning external modules for new tasks. This way, we only need
to store and load a small number of task-specific parameters in ad-
dition to the pre-trained model for each task, greatly boosting the
operational efficiency when deployed. However, existing techniques
often introduce inference latency (Houlsby et al., 2019; Rebuffi et al., 2017) by extending model
depth or reduce the model’s usable sequence length (Li & Liang, 2021; Lester et al., 2021; Ham-

∗Equal contribution.
1While GPT-3 175B achieves non-trivial performance with few-shot learning, fine-tuning boosts its perfor-

mance significantly as shown in Appendix A.

1

W FT = W pre + ∆ ∈ Rd×k

• Formulation:

∆ ≈ AB with A ∈ Rd×r and B ∈ Rr×k

• Initialization:

[A0]ij ∼ N (0, α2) and [B0]ij = 0 .
(LoRA-init.)
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Problem setting and assumptions

❐ (Downstream) data : with unknown low-rank feature shift rank(∆) = r∗

ỹ =
{

(W ♮ + ∆)⊤x̃, x̃
i.i.d.∼ sub-Gaussian, linear

σ[(W ♮ + ∆)⊤x̃], x̃
i.i.d.∼ N (0, Id) nonlinear

.

❐ Model : LoRA starting from known pre-trained W ♮ ∈ Rd×k

f (x; A,B) :=
{

(W ♮ + AB)⊤x̃ linear
σ[(W ♮ + AB)⊤x̃] nonlinear

.

❐ Algorithm : Squared loss, gradient descent{
L(W ) = 1

2N

∑N
i=1 ∥f(xi; W ) − ỹi∥2

2, Full fine-tuning
L(A,B) = 1

2N

∑N
i=1 ∥f(xi; A,B) − ỹi∥2

2, LoRA
.

❐ Evaluate ∥AtBt − ∆∥F : optimization and generalization!

E
x̃

∥∥ỹ − σ(W ♮ + AtBt)⊤x̃
∥∥2

2 ≲ ∥AtBt − ∆∥2
F
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Our results: Alignment on Bt

❐ one-step full gradient: G ∈ Rd×k and rank(G) = r∗

G := −∇WL(W ♮) = 1
N

X̃⊤(Ỹ − X̃W ♮) = 1
N

X̃⊤X̃∆ .

A0

A1

A2 ...

(Random Init)

At

B0 = 0

B1 ...

One-step Gradient

U[:,:r]

top-r left
singular subspace

V[:,:r]

top-r right
singular subspace

d

r∗

Ur∗ Ur∗,⊥

σ1
. . .
σr∗
σr∗+1

. . .
σk

r∗

S

k

r∗ V ⊤
r∗

V ⊤
r∗,⊥

Theorem (Alignment between G and Bt)

For the linear setting, LoRA trained by gradient descent admits

∠ (Vr∗(Bt),Vr∗(G)) = 0 , ∀t ∈ N+ .

Remark: B1 = η1A⊤
0 G with Rank(B1) ≤ r∗
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Our results: Alignment on At

Theorem (Informal, LoRA initialization)

For r ≥ r∗, [A0]ij ∼ N (0, α2), for any ϵ ∈ (0, 1), choosing α = O(ϵd− 3
4 κ♮− 1

2 ), running GD
with t∗ = Θ(ln d) steps, then we have

∠ (Ur∗(At∗),Ur∗(G)) ≲ ϵ , w.h.p.
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Algorithm design principle

❐ SVD: G = USV ⊤

A0 = U[:,1:r]S
1
2
[1:r] .

B0 = S
1
2
[1:r]V

⊤
[:,1:r] .

(Spec-init.)
d

r

Ur Ur,⊥

σ1
. . .
σr
σr+1

. . .
σk

r

S

k

r V ⊤
r

V ⊤
r,⊥

Key Message: we can “escape” the alignment stage
Under (Spec-init.), for both linear/nonlinear models, we can directly achieve the alignment at
initialization.

∥A0B0 − ∆∥F is small, w.h.p.

The “best” initialization strategy!
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“Best” initialization: phase portrait
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Toy example (I)
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LoRA init
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(a) Trajectory 1
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(b) Trajectory 2

Figure 11: Comparison of the GD trajectories between LoRA and ours. (a) and (b): A ∈ R2 and
B ∈ R with different initializations. The set of global minimizers is
{a∗

1 = 2/t , a∗
2 = 1/t , b∗ = t | t ∈ R}.
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Toy example (II)

(a) At initialization (b) Middle
0.5 0.4 0.3 0.2 0.1 0.0 0.1

0.0

0.1

0.2

0.3

0.4

0.5 Target Minimum
FFT Loss:  3.357
LoRA Loss:  16.130
LoRA-One Loss:  3.342

(c) End

Figure 12: Comparison of the GD trajectories between LoRA and ours. We use two-layer neural
networks pre-trained on odd-labeled data and fine-tuned on even-labeled data on MNIST, see GIF
illustration.
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Relations to Muon (Keller Jordan blog)

Muon (no momentum, using NewtonSchulz5 instead of SVD)

[U ,S,V ] = SVD(∇WL(Wt))
Wt+1 = Wt − ηUV ⊤

One-step Muon for fine-tuning...

[U ,S,V ] = SVD(∇WL(W pre︸ ︷︷ ︸
:=G

))

Muon: W1 = W pre − ηUV ⊤

LoRA-One: W1 = W pre − ηU[:,1:r]S[:,1:r]V
⊤
[:,1:r]
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Spectral distribution

(a) Singular value of WQ (b) Singular value of WK (c) Singular value of WV

Figure 13: Spectral distribution of Q, K, V .
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One-step gradient can suffice on small-scale datasets!

Dataset MNLI SST-2 CoLA QNLI MRPC
Size 393k 67k 8.5k 105k 3.7k

Pre-trained - 89.79 59.03 49.28 63.48
One-step full - 90.94 69.13 70.35 68.38
Muon-style - 90.48 73.00 76.64 68.38
Spectral init. - 89.91 69.22 76.31 68.38

LoRA8 85.30±0.04 94.04±0.09 72.84±1.25 93.02±0.07 68.38±0.01

Time cost (sec.) LoRA Spectral init.

CoLA 47s <1s
MRPC 25s <1s

❐ memory-efficient (Lv et al., 2024) + rand.
SVD

Pe
rfo

rm
an

ce

Efficiency

Full fine-tuning

(cost more, slower)

Param. efficient
fine-tuning

(cost less, faster)

Is it possible to be here?

speedup 20x!
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Results on LLaMA 2-7B (for one epoch)

GSM8K MMLU HumanEval

(r = 8) Direct 8s-CoT Avg. PASS@1

LoRA 59.26±0.76 53.36±0.77 45.73±0.30 25.85±1.75

LoRA-GA 56.44±1.37 46.07±1.01 45.70±0.77 26.95±1.30

LoRA-One 60.44±0.17 55.88±0.44 47.12±0.12 28.66±0.39

• One epoch, rank 8, three runs
• Hyperparameter optimized over learning rate, batch size

• Train: 100k subset from MetaMathQA
• Test: GSM8K, Accuracy (%)
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Results on LLaMA 2-7B (for more epochs)

Epoch 1 Epoch 2 Epoch 3 Epoch 4

56
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cu
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cy

 (%
)

LoRA
LoRA+
LoRA-GA
LoRA-One

Figure 14: Accuracy comparison across different methods over epochs on GSM8K.
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Param. efficient
fine-tuning

(cost less, faster)

Is it possible to be here?
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Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA’s gradients align to full fine-tuning!

❐ best 2r approximation{
rank(∇AL (At ,Bt)) ≤ r

rank(∇BL (At ,Bt)) ≤ r

Method Init. on A Init. on B Calibration

LoRA N (0, α2) 0 -
LoRA-GA U[:,1:r] V⊤

[:,r+1:2r] W pre − A0B0

LoRA-One U[:,1:r]S
1/2
[1:r] S

1/2
[1:r]V

⊤
[:,1:r] -

40



Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA’s gradients align to full fine-tuning!

❐ best 2r approximation{
rank(∇AL (At ,Bt)) ≤ r

rank(∇BL (At ,Bt)) ≤ r

Method Init. on A Init. on B Calibration

LoRA N (0, α2) 0 -
LoRA-GA U[:,1:r] V⊤

[:,r+1:2r] W pre − A0B0

LoRA-One U[:,1:r]S
1/2
[1:r] S

1/2
[1:r]V

⊤
[:,1:r] -

40



Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA’s gradients align to full fine-tuning!

❐ best 2r approximation{
rank(∇AL (At ,Bt)) ≤ r

rank(∇BL (At ,Bt)) ≤ r

Method Init. on A Init. on B Calibration

LoRA N (0, α2) 0 -
LoRA-GA U[:,1:r] V⊤

[:,r+1:2r] W pre − A0B0

LoRA-One U[:,1:r]S
1/2
[1:r] S

1/2
[1:r]V

⊤
[:,1:r] -

40



Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA’s gradients align to full fine-tuning!

❐ best 2r approximation{
rank(∇AL (At ,Bt)) ≤ r

rank(∇BL (At ,Bt)) ≤ r

0 20 40 60 80 100
Epochs

25

20

15

10

5

0

Lo
g-

Ri
sk LoRA-One

LoRA-GA

Method Init. on A Init. on B Calibration

LoRA N (0, α2) 0 -
LoRA-GA U[:,1:r] V⊤

[:,r+1:2r] W pre − A0B0

LoRA-One U[:,1:r]S
1/2
[1:r] S

1/2
[1:r]V

⊤
[:,1:r] -

40



Takeaway messages: speedup via spectral initialization

Pe
rfo

rm
an

ce

Efficiency

Full fine-tuning

(cost more, slower)

LoRA

(cost less, faster)

Is it possible to be here?

speedup 20x!

LoRA-One

❐ Yuanhe Zhang, Fanghui Liu, Yudong Chen. LoRA-One: One-step full gradient could suffice
for fine-tuning large language models, provably and efficiently. ICML’25 Oral

• subspace alignment: G and (At,Bt) ⇒ theory-grounded algorithm design
• “optimal” non-zero initialization strategy
• enables feature learning, precondition helps convergence...

41
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Go beyond...

Target
• How to handle nonlinearity at a theoretical level (e.g., training dynamics)
• How to precisely and efficiently approximate nonlinearity at a practical level under

theoretical guidelines

42



Go beyond...

Target
• How to handle nonlinearity at a theoretical level (e.g., training dynamics)
• How to precisely and efficiently approximate nonlinearity at a practical level under

theoretical guidelines

42
(Generated by GPT5.5)



DAG-MATH



What is LLM reasoning/Chain-of-Thought (CoT) (Wei et al., 2022)?What is LLM Reasoning?

Input Output
Intermediate steps / tokens

Reasoning

Ling et al. Program Induction by Rationale Generation: Learning to Solve and Explain Algebraic Word Problems. ACL 2017

Using intermediate steps or program traces was widely adopted in neural-symbolic literature, e,g., Compositional generalization via 
neural-symbolic stack machines (NeurIPS  2020) by Chen et al. 

What is the output when concatenating the last letter of each word 
in “artificial intelligence”?

The answer is “le”. The last letter of “artificial” is “l”. The last 
letter of “intelligence” is “e”. Concatenating “l” 
and “e” leads to “le”. So the answer is “le”.

No reasoning Reasoning

This last letter concatenation problem was motivated from my early work: Neuro-symbolic program synthesis. arXiv preprint 
arXiv:1611.01855 (2016). Joint work with Parisotto et al. 

43
[Slides credit: Denny Zhou]

https://dennyzhou.github.io/LLM-Reasoning-Stanford-CS-25.pdf
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Motivation: Is CoT real reasoning

LLMs achieve high scores on math benchmarks using Chain-of-Thought (CoT). But is this
success from:

• Genuine logical inference?
• Search / exploration?
• Memorization?

Existing Gaps
• Framework: Prior work uses fixed graphs (Dziri et al., 2023), reversible chains (Kim

et al., 2025), or k-parity trees (Yao et al., 2023) — missing generality.
• Evaluation: PASS@k only checks final answers, but not reasoning fidelity.

Intuitively, LLM reasoning requires

• identify all required premises (e.g., facts, constraints)
• correct logical inference from premises to the conclusion
• Accurate calculation and symbolic execution
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Mathematical reasoning of LLMs (Natural language)

Logarithmic Count Problem from MATH-500

For how many integers k ∈ [−300, 300] does the equation
2 log(x− 1) = log k have exactly one real solution x?

45
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Lean Language (Interact with Claude)
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Phase 1: Task-specific Direct Acyclic Graph (DAG) for Step-Level CoT

One CoT Step in the Logarithmic Count Problem

If two logarithmic expressions are equal, then their arguments is equal.
Hence, from 2 log(x− 1) = log k , we can conclude (x− 1)2 = k .

• Edge (Justification): encodes the logical dependency, making the reasoning chain
transparent.

• Node (Conclusion): the step’s conclusion (state or value)

Given a prompt xin, we define the directed graph as

G(xin) := (V(xin) , E(xin)) , where E(xin) ⊆ V(xin) × V(xin) .

Empirical evidence (Ye et al., 2025): A latent directed dependency graph: once a
question/prompt is posted, before any output is generated.
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Why acyclic?

Assumption

For any input prompt xin, the task-specific directed graph G(xin) is acyclic.
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Why acyclic?

Assumption

For any input prompt xin, the task-specific directed graph G(xin) is acyclic.

LLMs output only the finalized, perfect, correct reasoning results to the user

answer-based math problem: constructed by backtracking through its ancestor
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Example: Task specific DAG for the logarithmic count problem

v2 v1 v3

v4 v5 v6

v7

v8 v9

v10 v11

Figure 15: Task-specific DAG
via LLaMA-3.1-8B-Instruct.

Task-Specific DAG: Empirical studies (Ye et al., 2025) demonstrate the existence of a latent directed dependency
graph within LLMs, present as soon as a question/prompt is posted, before any output is generated. Formally, given a
prompt xin, we define the directed graph as

G(xin) := (V(xin) , E(xin)) , where E(xin) ⊆ V(xin)× V(xin) ,

where E(xin) is the set of directed edges and V(xin) is the set of nodes divided into three classes:

• Vin(xin) denotes the set of source nodes, i.e., nodes formulated solely from the input prompt. In Fig. 1, the
source nodes are v1, v2, and v3.

• Vout(xin) denotes the set of sink nodes, i.e., nodes with only incoming edges and no outgoing edges, correspond-
ing to the final answer(s). The correct sink node represents the terminal object that matches the ground-truth
answer. In Fig. 1, the sink nodes are v10 (correct) and v11 (incorrect).

• Vinter(xin) := V(xin)\
(
Vin(xin)∪Vout(xin)

)
denotes the set of intermediate nodes. In Fig. 1, the intermediate

nodes are v4 through v9.

We make the following assumption on the acyclic structure of the graph for the absence of circular dependencies,
ensuring that no CoT step depends on its own output either directly or indirectly.

Assumption 1. For any input prompt xin, the task-specific directed graph G(xin) is acyclic.

This assumption covers the answer-based math problems which have tractable computation graphs such as AIME
(Art of Problem Solving, 2025a,b). Note that, if the correct sink node is included in G(xin), the task-specific DAG
can be always constructed by backtracking through its ancestors. We remark that, some “thinking-LLMs”, e.g.,
DeepSeek-R1 (DeepSeek Team, 2025), encourage backtracking and self-correction during the thinking process. How-
ever, we expect that LLMs output only the finalized, perfect, correct reasoning results to the user. The reasoning
evaluation in this paper is based on the entire final output (while PASS@k just considers the final answer). The
definition of perfect and correct reasoning will be introduced in the next section.

v2 v1 v3

v4 v5 v6

v7

v8 v9

v10 v11

Figure 1: Task-specific DAG via
LLaMA-3.1-8B-Instruct.

Task− specific DAG for the logarithmic count problem

• v1 : “2 log(x− 1) = log k" (target equation);

• v2 : “k ∈ [−300 , 300]" (range constraint);

• v3 : “exactly one solution" (task requirement);

• v4 : “log(x− 1) requires x > 1" (constraint inferred from the equation);

• v5 : “log k requires k > 0" (constraint inferred from the equation);

• v6 : “2 log(x− 1) = log k ⇒ (x− 1)2 = k" (re-arranged equation);

• v7 : “x = 1±
√
k" (solve the quadratic equation);

• v8 : “1 +
√
k is the only solution" (correct check);

• v9 : “For any k, there are two solutions" (incorrect check);

• v10 : “There are 300 valid values for k" (the correct answer);

• v11 : “There are 0 valid value for k" (the incorrect answer).

2.2 Phase 2: Stochastic Process on Logic Dependence
Based on the task-specific DAG, the LLM generates CoT trajectories over this DAG as the final output via a certain
sampling strategy. Given G(xin) from Phase 1, we denote the node-level autoregressive distribution of an LLM as
P. A node-level CoT trajectory {Vi}Li=1 with length-L, given the input prompt Xin, sequentially generates Vt ∈ V

4
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Phase 2: Stochastic Process on Logic Dependence

v2 v1 v3

v4 v5 v6

v7

v8 v9

v10 v11

• Node-level autoregressive distribution P
• The CoT trajectory {Vi}L

i=1 follows:
• V1 ∼P( · | Xin)
• Vt ∼ P( · | Vt−1 , . . . , V1 , Xin)
• Vout ∼ P( · | VL−1 , · · · , V1 , Xin)

• (Valid) transition probability
P

(
Vt = v | V1:t−1 = v1:t−1, Xin = xin

)
,

∀v ∈ V(v1:t−1 | xin)

V(v1:t−1 | xin) :=
{
v ∈ V(xin) : pa(v) ⊆ {v1:t−1}, v /∈ {v1:t−1}

}
.
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Example: Task specific DAG for the logarithmic count problem

v2 v1 v3

v4 v5 v6

v7

v8 v9

v10 v11

• Wrong reasoning, e.g., (v1, v2, v3, v6, v7, v9, v11): The
final answer is incorrect.

• Perfect reasoning (v1, v2, v3, v4, v5, v6, v7, v8, v10): The
trajectory only includes the correct sink node and its
ancestors.

• Imperfect reasoning e.g.,
(v1, v2, v3, v4, v5, v6, v7, v9 , v8, v10): The trajectory still
reaches the correct answer but also includes the irrelevant
node v9, which is not an ancestor of the correct node.

Key Insight
PASS@k treats imperfect and perfect reasoning
identically. New metric needed to distinguish them: search
vs. genuine inference.
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identically. New metric needed to distinguish them: search
vs. genuine inference.
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Evaluation Metrics

Logical Closeness & Perfect Reasoning
A generated DAG is logically closed if every non-sink node has at least one outgoing edge,
meaning every intermediate result is actually used in subsequent reasoning.

Perfect reasoning = logically closed + correct final answer.

Perfect Reasoning Rate (PRR)
Fraction of trajectories that are both logically
closed AND reach the correct answer.
Captures genuine reasoning ability.

AUC Score
Relaxes the closeness threshold from 0% to
100%, plotting accuracy at each level.
Provides a comprehensive ranking of
reasoning performance.
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Formulate mathematical reasoning ability

Given an input prompt xin, generate one CoT trajectory, we construct a trajectory-specific
DAG Ggen(Xin)

Definition (Logical closeness)

For each node v ∈ Ggen(xin), define its out-degree as

deg
(
v | Ggen(xin)

)
:=

∣∣∣{u ∈ Ggen(xin) | (v → u) ∈ Egen(xin)
}∣∣∣.

We say that Ggen(xin) is logically closed if

deg
(
v | Ggen(xin)

)
≥ 1, ∀ v ∈ Vgen(xin),

i.e., only the final nodes have no outgoing edges.
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Mathematical reasoning ability of LLMs

Indicator functions

δfinal
(
Ggen(Xin)

)
:=

{
1, if the sink node of Ggen(Xin) is correct,
0, otherwise.

δclose
(
Ggen(Xin)

)
:=

{
1, if Ggen(Xin) is logically closed,
0, otherwise.

The Perfect Reasoning Rate (PRR) is

PRR(Xin) := EP

[
δclose

(
Ggen(Xin)

)
× δfinal

(
Ggen(Xin)

)]
.

Definition (Mathematical reasoning ability)
The overall mathematical reasoning ability of an LLM is

R := EXin∼D
[

PRR(Xin)
]

= EP, Xin∼D

[
δclose

(
Ggen(Xin)

)
× δfinal

(
Ggen(Xin)

)]
.
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Mathematical reasoning ability of LLMs

Indicator functions
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Mathematical reasoning ability of LLMs

Indicator functions

δfinal
(
Ggen(Xin)

)
:=

{
1, if the sink node of Ggen(Xin) is correct,
0, otherwise.

sclose
(
Ggen(Xin)

)
= α, if ratio α of nodes in Ggen(Xin) is logically closed

The Perfect Reasoning Rate (PRR) is

PRR(Xin) := EP

[
δclose

(
Ggen(Xin)

)
× δfinal

(
Ggen(Xin)

)]
.

Definition (Mathematical reasoning ability)
The overall mathematical reasoning ability of an LLM is

R := EXin∼D
[

PRR(Xin)
]

= EP, Xin∼D

[
δclose

(
Ggen(Xin)

)
× δfinal

(
Ggen(Xin)

)]
.
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Why logic closeness useful? - Diagnosis

Area of Heptagon Problem

On △ABC, points A,D,E, and B lie in that order on side AB with AD = 4, DE = 16,
EB = 8. Points A,F,G and C lie in that order on side AC with AF = 13, FG = 52,
and GC = 26. Let M be the reflection of D through F , and let N be the reflection of G
through E. Quadrilateral DEGF has area 288. Find the area of heptagon AFNBCEM .

A

B C

D

E

F

G

M

N

1 2 3 4 8 9 10 11 15 17 19

5 6 7 12 13 14 16 18 25 29

20 21

22

23

24 27 31

26 28 32

30 33
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DAG-MATH Formatted CoT and Benchmark construction

DAG-MATH explicitly specifies each reasoning step in forward generation order: Edge →
Parent(s) → Node.

C Example DAG-MATH Formatted CoT

Example DAG-MATH Formatted CoT for the logarithmic count problem

Step 1
Edge: Restate the target equation from the problem statement, 2 log(x − 1) = log k, which is the central
equation to solve for x in terms of k.
Parents: Null
Node: 2 log(x− 1) = log k.
...
Step 4
Edge: Since the left-hand side of the equation in Step 1 contains log(x − 1), the domain restriction for a
logarithm requires x− 1 > 0, i.e., x > 1.
Parents: Step 1
Node: log(x− 1) requires x > 1.
...
Step 8

Edge: Using Step 7, the candidate solutions are 1±
√
k; Step 4 requires x > 1, and Step 5 ensures k > 0, so√

k > 0, making 1−
√
k < 1 invalid. Therefore, 1 +

√
k is the only admissible solution.

Parents: Step 4,5,7
Node: 1 +

√
k is the only admissible solution.

Step 9

Edge: From Step 8, each positive integer k yields exactly one solution x = 1+
√
k. Step 5 requires k > 0, and

Step 2 restricts k to integers in [1, 300]. Therefore, there are 300 valid k values, satisfying Step 3’s requirement
of exactly one solution.
Parents: Step 2,3,5,8
Sink Node: There are 300 valid values for k.

D Benchmark Construction
In this section, we detail our three-stage strategy for benchmark construction.

Stage 1: We prompt GPT-o4-mini to generate only the Node set, one step at a time, using the instructions
in Section D.1. To enhance correctness, we adopt a supervised setup that provides both the problem and its correct
solution. Because standard CoT can skip arithmetic or combine multiple results in a single step, we require that each
Node consist of exactly one sentence containing a single mathematical or logical assertion (i.e., one primitive action
per step) to normalize granularity. The complete Node set is then validated using SymPy and LLM-as-Judge; if the
final answer or any intermediate assertion is incorrect, the Nodes are resampled and re-validated.

Stage 2: Given the verified Node set from Stage 1, we prompt GPT-o4-mini (per Section D.2) to assign, for
each Node, a minimal set of direct Parents sufficient to derive it via a primitive operation. We enforce acyclicity and
well-typed arity constraints, then assemble the full DAG. The resulting DAG is checked for logical closeness relative
to the sink node; if checks fail, dependencies are resampled. Simultaneously, irrelevant Nodes flagged in Stage 1 are
pruned so that non-contributing leaves do not persist in the gold graph.

Stage 3: Conditioned on the generated [Parent(s), Node] pairs, we prompt Qwen3-235B-A22B-Thinking-25076

(per Section D.3) to generate the Edge content that justifies how each Node is inferred from its Parents. The justifica-
tion must introduce no new facts beyond the problem statement and the cited Parents. After this step, the triplets are
merged into a gold-standard DAG-MATH formatted CoT in forward order.

6We choose Qwen3 as it provides a clearer description of the inference from Parents to Nodes than GPT-o4.

20

DAG-MATH Benchmark with 2,894 gold-standard DAGs

• Omni-MATH (difficulty level from 1 to 6)
• a three-stage prompting strategy via GPT-o4-mini and

Qwen3-235B-A22B-Thinking-2507
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20

Gold-standard CoT trajectory
• it adheres to the DAG-MATH format;
• its corresponding DAG is logically closed;
• the final answer is correct.

DAG-MATH Benchmark with 2,894 gold-standard DAGs

• Omni-MATH (difficulty level from 1 to 6)
• a three-stage prompting strategy via GPT-o4-mini and

Qwen3-235B-A22B-Thinking-2507
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DAG Statistics Across Difficulty Levels
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• Harder problems produce larger graphs.
• Harder problems produce sparser graphs.
• Max out-degree rises sharply; max in-degree grows slowly.
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Evaluation: AUC Curves Across Models
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AIME 2025
Gemini-2.5-F (AUC=0.484)
Qwen3-30B (AUC=0.395)
Gemini-2.5-F-L (AUC=0.342)
GPT-4.1-M (AUC=0.296)
GPT-4.1 (AUC=0.255)

0.0 0.2 0.4 0.6 0.8 1.0
Logical Closeness Rate

BRUMO 2025
Gemini-2.5-F (AUC=0.579)
Qwen3-30B (AUC=0.437)
Gemini-2.5-F-L (AUC=0.389)
GPT-4.1-M (AUC=0.332)
GPT-4.1 (AUC=0.320)

0.0 0.2 0.4 0.6 0.8 1.0
Logical Closeness Rate

HMMT 2025
Gemini-2.5-F (AUC=0.335)
Qwen3-30B (AUC=0.239)
Gemini-2.5-F-L (AUC=0.232)
GPT-4.1-M (AUC=0.134)
GPT-4.1 (AUC=0.108)

1. Search inflates PASS@1 but PRR remains similar across models, i.e., genuine reasoning
ability is comparable.

2. Perfect trajectories = smallest, densest DAGs. Incorrect ones = large, sparse, heavy
branching.

3. ∼36% gap between PASS@1 and PRR (e.g. Gemini-2.5-Flash), statistically significant
with 128 samples.
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Takeaway messages: balance natural and formal languages

❐ Yuanhe Zhang, Ilja Kuzborskij, Jason D. Lee, Chenlei Leng, Fanghui Liu. DAG-Math:
Graph-Guided Mathematical Reasoning in LLMs ICLR’26, [code]

• A DAG-MATH framework for reasoning evaluation
• Perfect reasoning metric (logic closeness): all models are similar
• Whether it can maintain compact, low-branching DAGs

Future directions
• mixture of natural and formal language (e.g., Seed-Prover 1.5)
• Using DAG-MATH for reasoning performance improvement/Lean formalization
• Mathematical definition of reasoning

59
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AI4MATH...



Brief introduction of Lean 4

Lean as a programming language
• We write a mathematical statement and construct a proof as coding
• Lean’s trusted kernel checks that the proof is valid.

❐ State it, but not prove it

Adding zero changes nothing

theorem add_zero
(n : Nat) :
n + 0 = n := by

sorry

sorry as a placeholder:
“I have not provided the proof yet.”

❐ State it and prove it

Verified by Lean

theorem add_zero
(n : Nat) :
n + 0 = n := by

simp

The tactic simp as a strategy:
constructs a proof via Lean’s simplification rules.
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https://lean-lang.org/
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(Industrial) Revolution in Mathematics via LLMs

Proof generation (LLMs)
Natural-language ideas,

lemmas, candidate arguments

Proof validation/-
formalization (Lean)
Machine-checked for-
mal proof in Lean 4

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

• Validation is bottleneck
• plausibility is not correctness;
• small gaps can invalidate a proof;
• informal checking does not scale to libraries.

• Understanding is the final goal
• Math aims to advance human understanding
• not just a machine for generating formal proofs

Question shift
Can AI suggest a proof? =⇒ Can WE validate, reuse, and help understanding?

63
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• Understanding is the final goal
• Math aims to advance human understanding
• not just a machine for generating formal proofs

Lean (verification) is not a silver bullet but helps reduce and transfer risk.
• consistency vs. complete [Gödel’s incompleteness theorems]
• statement consistency

Question shift
Can AI suggest a proof? =⇒ Can WE validate, reuse, and help understanding?
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AI4SLT from empirical process (Zhang, Lee, Liu, ICML’26)

Wainwright (2019) (High-dimensional Statistics, HDS)

Boucheron et al. (2013) (Concentration Inequality, CI)

Concentration
High-probability control of the empirical
process fluctuation.

P{|f(X) − Ef(X)| ≥ t} ≤ 2 exp
(

− t2

2L2

)
.

Capacity control
Localize around f⋆:

F(δ) = {f ∈ F : d(f, f⋆) ≤ δ},

then bound complexity by metric entropy:

Gn(F(δ)) ≲ 1√
n

∫ 2δ

0

√
log N (ϵ,F(δ), d) dϵ.

64



Natural-language SLT vs. Lean 4 obligations

Mathematical phrase What Lean asks for

“Take a supremum over a class” Topology, measurability, boundedness or extended-real
formulation

“Apply concentration” Exact Lipschitz structure, distributional assumptions, in-
tegrability

“Use covering numbers” Metric-space structure, finite nets, cardinal coercions,
monotonicity

“Integrate entropy” R vs. R≥0 ∪ {∞} integral interface
“By density” Approximation sequence, convergence mode, preserva-

tion of constants
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Dependency graph and deliverables

Covering Number

Chaining

Sub-Gaussian Process

Metric Entropy

Dudley

Efron-Stein Gaussian Poincaré Gaussian LSI

Density Arguments

Gaussian Lipschitz
Concentration

Gaussian Complexity

Master Error Bound

Linear Regression

Linear
Covering

Linear
Entropy
Integral

Sharp Rate

Application

Main implementation
• Gaussian concentration analysis toolbox.
• Dudley’s entropy integral.
• Human-AI workflow.

Scale

Lean 4 code ∼ 30,000 lines
Theorems/lemmas 1000+
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Human–AI collaborative formalization

Structured TASK.md protocol
Each task specification contains:

1. also need NL target statement;
2. tactic-level proof plan (for agents);
3. relevant file paths and expected crossref;
4. hard boundaries for what the agent should

not rewrite.

Collaborative level

Autonomous ∼ 15%
Sketch-guided ∼ 30%
Specified under NL proofs ∼ 40%
Human-critical ∼ 15%

Takeaway
The dominant bottleneck is not tactic writing; it is converting compressed mathematical prose
into precise, decomposed proof architecture.
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not rewrite.
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Practical lessons for formalization

❐ Decompose aggressively. Target small lemmas that fit within one agent context window.

❐ Specify more than the theorem. Include local APIs, intended proof route.
❐ Treat persistent failure as mathematical signal. Recheck the statement and look for

missing assumptions or counterexamples.
❐ Make hidden regularity reusable. Integrability, continuity, nonemptiness, and

boundedness hypotheses become reusable theorem contracts.
❐ To agent: don’t frequently change the proof!

• Know more details (e.g., implicit assumptions)
• Know which key infrastructure is reused (structure view, multi-scale understanding)
• proof connections (e.g., Gaussian Poincaré by Efron-Stein, Hermite decomposition, OU

semigroup)
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Go beyond...arXiv: 2606.05400

If Mathlib is “complete”, can we autoformalize research-level problems even with proof gap?

Erdős problems (#1051, #1196, #164, #1217) (Barreto et al., 2026; Alexeev et al., 2026)
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Why research-level autoformalization is hard

Not isolated theorem proving
• A paper may contain hundreds of

definitions, lemmas, and theorems.
• Formal statements, prose proof sketches,

and dependencies must evolve together.
• A wrong early statement can contaminate

substantial downstream work.

Not merely prompt engineering
• Context windows compact or lose

state.
• Agents over-trust their own blueprints.
• A local repair can silently break distant

completed proofs.

Systems perspective
We need a fault-containment harness: assume agents will drift, overclaim, and occasionally
formalize the wrong target; make each error local, observable, and recoverable.
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Why we need the harness?

NL proof source
target statements

Agent Harness
Machine-checked

formal proofs

Two major failure modes:

• Goal drift – agent’s working trace drifts from contributing to the target.
• Lost-in-the-middle – agent lost in the uncertain middle place of formalization.

Three causes:

• Coherence loss; Self-evaluation bias; Irreversibility.

Design principle
Narrow input, single output, bounded scope, deterministic gate, fault containment
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Three long-horizon failure modes

Failure mode What it looks like System consequence

Coherence loss The agent forgets the global proof
plan and patches one region by dam-
aging another.

The run drifts away from the
target.

Self-evaluation bias The agent declares its blueprint or
proof attempt correct despite miss-
ing hypotheses or mismatched state-
ments.

Bad specifications become
downstream tasks.

Irreversibility A root-level statement error makes
later lemmas formally valid but
mathematically irrelevant.

Prover compute is spent on
the wrong problem.
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What the harness does

NL proof source
target statements

Agent Harness
Machine-checked

formal proofs

Core ideas
• Blueprint as substrate. A single Lean file in blueprint format maintained across the

whole run.
• Specialist agents. Each role has well-separated task, under skilled workflow, within

boundaries.
• System orchestration. Lean file and GitHub PR/issue stream coordinate agents.
• Verifiable gates. Determinstic gate & wrapper to calibrate system’s trace.
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LeanMarathon in one picture

Inputs

Natural-language
proof source

Canonical target
statements

Blueprint (system of record)
Lean declarations + prose +
dependency DAG

Agent

Artifact

CI

Issue / PR flow

Stage 1: Cold Start / Target Review

1. Blueprinter
constructs initial
Lean blueprint

2. Initial
blueprint

3. CI verifier
deterministic CI

verifies build, lints,
dependencies, etc.

4. Target Reviewer
reviews targets and

prose; may raise
issues

Proceed to
Stage 2

5. Refiner
analyzes issues and

proposes fixes

Stage 2: DAG-Orchestrated Proof Discharge

1. Main branch /

current blueprint

(system of record)

2. Build proof DAG
and find dynamic

leaves

3. Worker
one node
per worker

local refinement
region 4. proof PR

or issue

3. Worker
one node
per worker

local refinement
region 4. proof PR

or issue

3. Worker
one node
per worker

local refinement
region 4. proof PR

or issue

5. CI gate
deterministic CI
the only merge

authority

6. main branch /

merged blueprint

(updated system

of record)

7. Fully proven

Lean blueprint

(completion)

8. Refiner
runs once per round;

triages issues and
proposes fixes

clean review

grouped issue

repair PR

pass

fail / diagnosticsrepair PR

repeat rounds until all nodes proven
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Blueprint: the system of record

Definition (Zhu et al., 2026)
The blueprint is a single Lean file that simultaneously acts as:

• Proof bodies are either by sorry, by sorry_using [...], or complete Lean proofs.
• Definitions are global context; lemma/theorem declarations form the proof DAG.

Principle
Agents do not rely on hidden chat history or a shared scratchpad. Durable mathematical state
lives in the blueprint and Git history.
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Dependency–prose parity: Avoid drift

Prose side
• LaTeX proof text exposes intended

dependencies via \cref{...}.
• Placeholder proofs expose intended

parents via sorry_using [...].

Lean side
• The verifier extracts actual dependencies

from elaborator metadata.
• These dependencies reflect what the

proof really uses.

Why this matters
Without parity, a long-running agent can make the Lean proof and the human-readable proof
graph silently diverge.
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Blueprint as a Proof DAG

Interpretation
• Nodes are declarations of

lemma/theorem.

• Edges are cited and Lean-elaborated
dependencies.

• Dynamic leaves are unproven nodes
whose all ancestors are proven.

Why a DAG matters
It turns one long formalization into a graph-induced task plan with mechanically computable scheduling and
repair scope.
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The four contract-scoped agents

Agent Primary role Failure it avoids

Blueprinter Builds the initial typed blueprint
from the source proof and canon-
ical targets.

No executable proof graph for later
scheduling.

Target-Reviewer Audits target fidelity before large-
scale proving begins.

Proving the wrong theorem.

Worker Proves one proof node; may add lo-
cal helper lemmas.

Local proof failure corrupting global
state.

Refiner Repairs connected blueprint-level
defects reported as issues.

Inconsistent local fixes to a shared
root cause.

Key idea
Each agent has a narrow interface, bounded edit scope, and an externally checkable output.
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Agent contracts at a glance

Agent Main input Main output Direct edit main
branch?

Blueprinter source + targets initial blueprint PR ✗

Target-Reviewer blueprint + targets clean exit or grouped issue ✗

Worker one proof node proof PR or issue ✗

Refiner issue set + DAG repair PR ✗

CI verifier PR + base branch pass/fail diagnostics ✓ only authority

Slogan
Agents propose. The deterministic verifier judges.
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Two-stage orchestration

Stage 1: Cold Start / Target
Review

• Generate the initial blueprint.
• Run structural CI.
• Audit target fidelity.
• Refine until the review is clean.

Stage 2: DAG-Orchestrated Proof
Discharge

• Extract the current proof DAG.
• Find dynamic leaves.
• Dispatch Workers in parallel.
• Merge proof PRs through CI; repair issues

by Refiner.

Termination condition
• Every proof node has a complete Lean proof;
• no sorry or sorry_using remains;
• all CI checks pass.
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Experimental results

We pick three recent Erdős problems solved by AI in natural language:

• Erdős 1051: Barreto, Kevin, Jiwon Kang, Sang-hyun Kim, Vjekoslav Kovač, and
Shengtong Zhang. "Irrationality of rapidly converging series: a problem of Erdős and
Graham." arXiv preprint arXiv:2601.21442 (2026).

• Erdős 1196 & 164 & 1217: Alexeev, Boris, Kevin Barreto, Yanyang Li, Jared Duker
Lichtman, Liam Price, Jibran Iqbal Shah, Quanyu Tang, and Terence Tao. "Primitive sets
and von Mangoldt chains: Erdős Problem #1196 and beyond." arXiv preprint
arXiv:2605.00301 (2026).

Erdős 1051 Erdős 1196 Erdős 164 Erdős 1217

Aristotle 7 7 7 −
Ours 3 3 3 3

(GPT-5.5-xhigh, 258K, no web access)
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Experimental results

Metric Erdős–Graham ESS #1196 #164 & #1217

Rounds 19 17 40
Workers launched 58 33 111
Refiners 7 6 25
Merged PRs 53 32 93

Critical path (excl. CI wait) 11:38:23 11:32:40 40:43:21
Aggregate agent active time 21:29:41 16:26:32 71:16:52
Stop-hook / CI wait time 07:15:10 02:15:33 07:05:26
Tool-call parsed wall time 10:16:25 06:16:40 49:08:03
Total tool calls 5,273 4,067 12,204

Total tokens 308M 245M 796M
GPT-5.5 API-equiv. cost $257.17 $189.43 $623.54
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Experimental results - Baseline

Erdős–Graham ESS #1196
Aristotle Ours Aristotle Ours

Targets proven 0 / 3 3 / 3 0 / 1 1 / 1
Lean lines delivered 751 8,513 24 3,988
Remaining sorry 2 0 1 0
Outcome failed complete failed complete
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Erdős 1051: Fix gaps

The run caught a genuine gap in the published proof (Case C of Proposition 9 in the paper).

• Issue: the claim is stronger than what hypotheses actually give.
• Fix: makes the statements weaker/more constrained, but in exchange they become

actually provable from the available hypotheses.
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Takeaway

Research-level autoformalization should be treated as a fault-contained systems problem, not
merely as a larger proof-generation prompt.

Takeaway
• not make one agent think longer
• make multiple fallible agents collaborate
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Takeaway: From SLT4AI to AI4SLT

❐ The φ curve: be aware of model capacity!

0 50 100
2 norm

0.00

0.15

0.30

te
st

 ri
sk

Test Risk vs. 2 Norm

ridgeless
theory
empirical

❐ Trade-off between sample complexity and
dimension dependence

RKHS hyper-RKHS Barron Sobolev

Statistically-efficient

(Bach 2017; 
Celentano et al. 2021)

(Barron 1993; 
E et al. 2021;

 Liu et al. 2024)

(Schmidt-Hieber 2020)(Chen et al. 2023)(Ong et al. 2004; 
Liu et al. 2021)

(Aronszajn 1950)

Computationally-efficient Computationally-inefficient

Statistically
inefficient

❐ One-step full gradient suffices to LLM low-rank fine-tuning!

AI4MATH
• modelling mathematical reasoning as DAG;
• Infrastructure in AI4SLT;
• Lean-Marathon: harness engineering for

auto-formalization

Lean 4: why it matters
• explicit assumptions and scale up;
• Machine-checked used for the review

system and insights for AI4AI/ML;
• Multi-scale understanding.
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Background: Random features ridge regression

fp(x; θ) =
p∑

i=1
aiϕ(x,wi), θ := {(ai,wi)}p

i=1

• ϕ : X × W → R, e.g., ReLU: ϕ(x,w) = max(⟨x,w⟩, 0)

• Random features models (RFMs) (Rahimi and Recht, 2007; Liu et al., 2021):
◦ {wi}p

i=1
iid∼ µ for a given µ ∈ P(W)

◦ only train the second layer

â := argmina∈Rp

{
n∑

i=1
(yi − f(xi; a))2 + λ∥a∥2

2

}
=

(
Z⊤Z + λIp

)−1
Z⊤y .

◦ Z ∈ Rn×p with [Z]ij = 1√
m
ϕ(xi,wj).

• Norm over the first-layer (untrained) ∥W ∥F

• Norm over the second-layer ∥â∥2
2
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Background: Test risk of random features model

◦ A compact integral operator T : L2(ρX) → L2(µW) for any f ∈ L2(ρX) (Defilippis et al.,
2024)

(Tf)(w) :=
∫
Rd

ϕ(x,w)f(x)dρ(x) , T =
∞∑

k=1
ξkψkφ

∗
k .

◦ Covariate feature matrix G :=[g1, . . . , gn]⊤ ∈Rn×∞ with gi := (ψk(xi))k≥1

◦ Weight feature matrix H :=[h1, . . . ,hp]⊤ ∈Rp×∞ with hj := (ξkφk(wj))k≥1

◦ target function: f∗(x) =
∑

k≥1 θ∗,kψk(x)

RRFM := Eε

∥∥∥∥θ∗ − 1
√
p

H⊤â

∥∥∥∥2

2



Background: Test risk of random features model

◦ A compact integral operator T : L2(ρX) → L2(µW) for any f ∈ L2(ρX) (Defilippis et al.,
2024)

(Tf)(w) :=
∫
Rd

ϕ(x,w)f(x)dρ(x) , T =
∞∑

k=1
ξkψkφ

∗
k .

◦ Covariate feature matrix G :=[g1, . . . , gn]⊤ ∈Rn×∞ with gi := (ψk(xi))k≥1

◦ Weight feature matrix H :=[h1, . . . ,hp]⊤ ∈Rp×∞ with hj := (ξkφk(wj))k≥1

◦ target function: f∗(x) =
∑

k≥1 θ∗,kψk(x)

RRFM := Eε

∥∥∥∥θ∗ − 1
√
p

H⊤â
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Gaussian concentration: target theorem

Gaussian Lipschitz concentration
Let X ∼ N (0, In) and f : Rn → R be L-Lipschitz. Then, for all t ≥ 0,

P{f(X) − Ef(X) ≥ t} ≤ exp
(

− t2

2L2

)
.
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Example interface: Efron–Stein inequality

Mathematical statement
Let X = (X1, . . . , Xn) be a vector of n independent random variables and Z = f(X)
square-integrable. With E(i) denoting conditional expectation over all coordinates except i,

Var(Z) ≤
n∑

i=1
E

[(
Z − E(i)[Z]

)2
]
.

❐ Leave-one-coordinate conditional expectation
noncomputable def condExpExceptCoord

(i : Fin n) (f : (Fin n -> Omega) -> R) :
(Fin n -> Omega) -> R :=
fun x => integral y, f (Function.update x i y) d(mus i)

theorem efronStein
(f : (Fin n -> Omega) -> R) (hf : MemLp f 2 mus) :
variance f mus <=

sum i : Fin n, integral x, (f x - condExpExceptCoord i f x)^2 dmus := by



Why is Lean formalization complex?

We want to prove
Law(X(i)) = µ1 ⊗ · · · ⊗ µn

Key Point

❐ Natural language: Resampling one independent coordinate preserves the joint distribution

❐ Lean: Prove that a pushforward of a product measure equals the original product measure

product measures measurable maps pushforwards Fubini’s theorem measure rectangles.

Density argument (missing in the textbook (Boucheron et al., 2013))

Gaussian LSI on C∞
c =⇒ Gaussian LSI on W 1,2(γ)

Gaussian Lipschitz concentration on C∞
c =⇒ ...
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Dudley’s entropy integral

Mathematical statement
Let (A, d) be a pseudo-metric space, T ⊆ A totally bounded, diam(s) ≤ D, and {Xt}t∈T a
normalized sub-Gaussian process with parameter σ. Under integrability and path-continuity
hypotheses,

E
[
sup
t∈T

Xt

]
≤ 12

√
2σ

∫ D

0

√
log N (ϵ, T, d) dϵ .

Why it is complex in Lean
The proof combines finite nets, sub-Gaussian maximum inequalities, dyadic chaining,
Fatou-type limits, and real vs. nonnegative integration APIs.

One proof-engineering issue
The convenient measure-theoretic integral lives in R≥0 ∪ {∞}, while downstream SLT
inequalities are stated over R.
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