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O MATHA4AI

= generalization under scaling...
= theory contributes to practice...LLM fine-tuning

O AI4AMATH
= Modeling mathematical reasoning of LLMs
= Machine learning theory in Lean 4 (Infrastructure)
= Harness engineering for auto-formalization



In the era of deep learning

Prefer more data and larger model to obtain better performance...
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Larger is better!
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Figure 1: Larger models make increasingly efficient use of in-context information: source from OpenAl.


https://syncedreview.com/2020/05/29/openai-unveils-175-billion-parameter-gpt-3-language-model/

Generalization under scaling...
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Generalization under scaling...

test loss
A

Classical U-shaped image-driven D% Second-descent
regime : regime

#data >> #parameters #parameters >> #data

model capacity

Proposed explanation: double descent (Belkin et al., 2019)




A toy example: curve fitting

(@) vi = fp(mi) +ei


https://windowsontheory.org/2019/12/05/deep-double-descent/
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A toy example: curve fitting
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A toy example: curve fitting
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A toy example: curve fitting

!

(a) under-fitting (b) sweet spot (c) overfitting (d) benign overfitting

Figure 2: Test performance on curve fitting. Source: OpenAl.


https://windowsontheory.org/2019/12/05/deep-double-descent/

Double descent curve in practice (I)

Typical examples:

= linear/nonlinear regression (Hastie et al., 2022)
= random features, random forest, and shallow neural networks (Belkin et al., 2019)
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Figure 3: Experiments on MNIST. Source: (Belkin et al., 2019).



Double descent curve in practice (I1)

Classical Regime:
Bias-Variance Tradeoff

Modern Regime:
Larger Model is Better
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Figure 4: Experiment on ResNet18. Source: (Nakkiran et al., 2019) from OpenAl.
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https://openai.com/index/deep-double-descent/

Double descent curve in practice (I1)
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https://openai.com/index/deep-double-descent/

Scaling law in the era of LLMs

Scaling law (

test loss = A x Model Size™® 4+ B x Data Size™® + C
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Figure 5: Empirical scaling laws. Source: (Kaplan et al., 2020)



Learning paradigm in the past twenty years

LLM-paradigm

Classical U-shaped image-driven D% Second-descent
regime : regime

test loss
A

#data >> #parameters #parameters >> #data

model capacity "

= U-shaped curve (Vapnik, 1995; Hastie et al., 2009)
= Double descent (Belkin et al., 2019)
= Scaling law (Kaplan et al., 2020)
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Model capacity

“Remove bias-variance trade-offs from ML textbooks"

| can define model capacity at random and see whatever curve | want to see.

— Ben Recht, 2025

Classical Regime:
Bias-Variance Tradeoff

Modern Regime:
Larger Model is Better
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(b) Optimal early stopping (Nakkiran et al., 2019).
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https://www.argmin.net/p/overfitting-to-theories-of-overfitting

Model capacity: Norm-based capacity

“The size of the weights is more important than the size of the network!" I
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= Min-norm solution (Neyshabur et al., 2015; Savarese et al., 2019; Hastie et al., 2022)
= Stable approximation...

= Applications: pruning, MoE, layerNorm, RMS Norm, EoS, mu-transfer, Muon...
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Model capacity: Norm-based capacity

“The size of the weights is more important than the size of the network!"

= Min-norm solution (Neyshabur et al., 2015; Savarese et al., 2019; Hastie et al., 2022)

= Stable approximation...
= Applications: pruning, MoE, layerNorm, RMS Norm, EoS, mu-transfer, Muon...

How do generalization curves behave under norm-based model capacity? )
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Figure 6: Stanford CS229 lecture notes (Ng and Ma, 2023, Figure 8.12).



Background: Random features ridge regression
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) ¢i = o(w;, x)
input

B0
Wi
ay  output
Wia yER
@\ -
N
. W',,J az —

\/

ap

fp(x; 0) = Z a’i¢(wa wi)a 0 := {(aivwi)}le

= o X X W =R, eg., ReLU:
o(x,w) = max((z, w),0)

13



Background: Random features ridge regression

hidden layer
@i = o{w;, T
input o (wi, @)

B0
Waa
\ ay  output
W1 yeR
@\ -
~ N
. Wy @ az —|

\/

ap

fo(x;0) = Za’i¢(wawi)a 0 := {(ai,wi)}_,

= o X X W =R, eg., ReLU:
¢(x, w) = max((x, w),0)
= Random features models (RFMs) (Rahimi and
Recht, 2007; Liu et al., 2021):
o {w;}_; i u for a given u € P(W)
o only train the second layer

13



Background: Random features ridge regression

hidden layer
@i = o{w;, T
input o (wi, @)

B0
Wia IK
Waa
\ a1 output
Wi yeR
@)
~ N
. Wy @ az —|

\/

ap

n
a 1= argming cpy E

o Z € R"*P with [Z]” = \/—%qﬁ(wl,w])

= Z a;p(x,w;), 6:= {(ai»wi)}le

= o X X W =R, eg., ReLU:
o(x,w) = max((z, w),0)

= Random features models (RFMs) (Rahimi and

Recht, 2007; Liu et al., 2021):

o {w; ), ¥

u for a given u € P(W)

o only train the second layer

f(@s;a) + A||a||2} =(2'Z+ 1)
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Background: Random features ridge regression

hidden layer

p
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The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)
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= v:=p/n, p: model size (width), n : data size
p (n = 100) 10 50 100 150 200 250 300 350 400
Test Risk 0.32 0.12 0.29 0.08 0.05 0.04 0.03 0.03 0.03
Norm 2.93 14.66 102.89 3526 24.76 20.67 18.63 17.47 16.69
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The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)

Test Risk vs. y Test Risk vs. £, Norm
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(a) Test Risk vs. ~ (b) Test Risk vs. norm (c) A =10.001
= v:=p/n, p: model size (width), n : data size
= Phase transition exists but double descent does not exist
= More close to U-shaped instead of double descent: A ¢ paradigm
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The ¢ curve (Wang, Chen, Rosasco, Liu, NeurlPS’25)
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= Reshape scaling-law:
test loss = A x Data Size™® + B x Model Size=® + C with a,b > 0
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= Reshape scaling-law:
test loss = A x Data Size™® + B x Model Size=® + C with a,b > 0
test loss = A x Data Size™® x Norm Capacity~* with a > 0 and b € R
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Control norm by tuning \: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)

One-to-one mapping between norm and A
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Control norm by tuning \: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)
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Control norm by tuning \: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)

One-to-one mapping between norm and A
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Figure 7: Source from Hansen (1992).
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An example of linear regression: Textbook level and beyond

= niid. samples {(x;, y;)}, with z; € R, y; € R
» y=(B.,x) +¢, E(e) =0 and V(g) = 02, covariance matrix ¥ = E[zz"]
= ridge regression: B =(XTX +A)'XTy
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An example of linear regression: Textbook level and beyond

» niid. samples {(z;,y;)}"; with z; € R%, y; € R
= y=(B.,x)+¢, E(e) =0 and V(¢) = o2, covariance matrix ¥ = E[zx"]

~

= ridge regression: 8 = (XTX +\)"'X Ty

Target: precise analysis

The expected test risk E.||3 — B.]|% vs. the norm E.||3]|3

O Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and Saeed, 2024;
Bach, 2024)

The empirical spectral measure converges to a deterministic limit.
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An example of linear regression: Textbook level and beyond

= niid. samples {(z;,y;)}", with z; € RY, y; € R
= y=(B.,x)+¢, E(e) =0 and V(¢) = o2, covariance matrix ¥ = E[zx"]

~

= ridge regression: 8 = (XTX +\)"'X Ty

Target: precise analysis

The expected test risk E.||3 — B.]|% vs. the norm E.||3]|3

O Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and Saeed, 2024;
Bach, 2024)

Tr(XTX(X'TX+N)) ~Tr (B(E+ )71, whp.

= ~ can be asymptotic or non-asymptotic at the rate of O(1/y/n).
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An example of linear regression: Textbook level and beyond

= niid. samples {(z;,y;)}", with x; € ]Rd yi €R
» y=(B.,x) +¢, E(e) =0 and V(g) = 02, covariance matrix ¥ = E[zz"]
= ridge regression: B = (X' X + )\I)*lXTy

Target: precise analysis

The expected test risk E.||3 — B.]|% vs. the norm E.||3]|3

0 Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and Saeed, 2024;

Bach, 2024)
[ Bias-variance decomposition on the test risk
. BR L= A28, (XTX +AD)IE(XTX + A1) 18.)

] %zs)\ =?Tr(EXTX(XTX +M)72)
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition E||B]|3 = Bar.x + Vi a.
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition E. |83 = Bar.x + Vara-

For well-behaved data and 3, we have Bxr x ~ Bn,x and Varx ~ Vn x, w.h.p.

Te(Z(Z+ M) 7% A {Be,B(Z4A)26)
n 1— 1 Tr(Z2(2+A,)72)

Bn.x i=(Bi, Z3(Z + A) 2B+

Br,A
) A2 Tr(B(X + \)72)
T —Tr(Z2(Z 4 A)72)
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition E. |83 = Bar.x + Vara-

For well-behaved data and 3, we have Bxr x ~ Bn,x and Varx ~ Vn x, w.h.p.

Tr(Z(Z + M) 72 A2(B8,,2(B+M,)"28,)
n 1— 1 Tr(Z2(2+A,)72)

Bn.x i=(Bi, Z3(Z + A) 2B+

Br,A
o2 Tr(S(E + \)~2)
VN,)\ = 5 =
n—Tr(X2(Z + A\,)~2)

Remark: Which model capacity suffices to characterize the test risk?

= Norm-based capacity: v ©
» effective dimension-style Tr(EZ(X + \)71): X ©
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Example: Relationship under isotropic features (X = I,)

O Test risk Ry and norm Nj formulates a cubic curve (complex but precise).
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O Test risk Ry and norm N formulates a cubic curve (complex but precise).

= min-norm interpolator (A = 0):

No — ||B+]|3;in under-parameterized regimes
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Example: Relationship under isotropic features (X = I,)

O Test risk Ry and norm N formulates a cubic curve (complex but precise).

min-norm interpolator (A = 0):

No — ||B+]|3;in under-parameterized regimes

RO =
\/[No — (1812 = 02))° + 4/|B, 202 — 02

Why? o Variance is the same

o Ax = 0 (under-parameterized)
o\, = % (over-parameterized)
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Example: Relationship under isotropic features (X = I,)

Test risk Ry and norm N, formulates a cubic curve (complex but precise).

= min-norm interpolator (A = 0):

15

No — ||B+]|3;in under-parameterized regimes
2
VINo = (18415 = o2) + 418. 02 - o*.

Why? o Variance is the same

0=

Ry
2
H

£ 3
5 3

o Ax = 0 (under-parameterized)

o Ay = =" (over-parameterized)

= optimal regularization A = Hg‘IT‘Q (Wu and Xu, 2020): —im
2
Rx = [18:113 — N
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Example: Relationship under isotropic features (X = I,)

O Test risk Ry and norm N formulates a cubic curve (complex but precise).

= min-norm interpolator (A = 0): 100
No — ||B+]|3;in under-parameterized regimes i w0
0= 10 \_/ ~
2 40
VINo— (1B.13 = o) + 418 [30° - o 5 ‘
Why? o Variance is the same N

o Ax = 0 (under-parameterized)

o Ay = =" (over-parameterized)

= optimal regularization A = Hg‘IT‘Q (Wu and Xu, 2020):
: x
Rx = [18:113 — N

= A= oo Ry= (Hﬂ*“2_\/m)2



Precise analysis via deterministic equivalence

O Precisely describe the learning curve.
= phase transitions, (non-)monotonicity, etc.
0 Enables accurate comparison between estimators/algorithms.

= Foundations of scaling law: data or parameter under the same budget, etc.
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Precise analysis via deterministic equivalence

O Precisely describe the learning curve.
= phase transitions, (non-)monotonicity, etc.
0 Enables accurate comparison between estimators/algorithms.

= Foundations of scaling law: data or parameter under the same budget, etc.

Deterministic
equivalence

Upper/lower
bound

Is /5 norm-based capacity best for characterizing generalization?
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020).

name definition rank correlation

Parameter Frobenius norm Zf_l (|W; |2 0.073
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020).

name definition rank correlation
- T
Parameter Frobenius norm E 1 (|W; |2 0.073
ie
Frobenius distance to initialization E 1 W, — W2 —0.263
i=
2/3

3/2
Wiy

Spectral complexity Hfﬁl [1W5 ]| ZL —0.537

i=1 |w, 3/2
2
Fisher-Rao LEDZ N (W, Vi lhw (), :)) 0.078
= ]
Path-norm 2(10, L) H771 ( ij,ijfl) 0.373
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Figure 8: Experiments on two-layer neural networks. Source: Wang et al. (2025).



Two-layer neural networks, path norm

hidden layer
mput ¢ = o{wi, @)

PO
Wl,ll
Waa
@ ai  output
@ W31 \fGR
ml aig’@

21



Two-layer neural networks, path norm

hidden layer
input ¢i = o{wi, @)

@)
Wia ™

Waa
ai  output
@ Wi, 1 \% €ER
. Wi as 4@

¢1-path norm (

)
161l ==

2 lanlllwk s

21



Two-layer neural networks, path norm

hidden layer
input ¢i = o{wi, @)
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Wiy 7

Waa
ai  output
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¢1-path norm (

)
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= equivalent to Barron spaces BB
(Barron, 1993; E et al., 2021)

B = NEP {f{l . ”a”Lz(u) < OC}
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Two-layer neural networks, path norm

hidden layer
input ¢i = o{wi, @)
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¢1-path norm (

)

18llp = % 3=y lak]llw |l

= equivalent to Barron spaces BB
(Barron, 1993; E et al., 2021)

B:= UueP(W){fa : ||a||l2(u) < oo}

= Variation in only a few directions
(Parhi and Nowak, 2022)
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Two-layer neural networks, path norm

hidden layer
input ¢i = o{wi, @)

@
Wis -
.\ output
@\" YGR
b @D
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Theorem (Informal results from

¢1-path norm (

)

18llp = % 3=y lak]llw |l

= equivalent to Barron spaces BB
(Barron, 1993; E et al., 2021)

B = U/iGP()’V){./’u . HCLH[‘Z(“‘) < X}

= Variation in only a few directions
(Parhi and Nowak, 2022)

To achieve e-excess risk, kernel methods require (e

= Two-layer neural networks require O4(e

~4) samples but

—%zd_;rzz) samples. [smaller than e=2]




Which function class can be efficiently learned by neural networks

Statistically-efficient

Statistically
inefficient
RKHS 7, , hyper-RKHS Fou Fhiu Barron Sobolev :
(Aronszajn 1950) (Ong et al. 2004; (Chen et al. 2023) (Bach}2017; (Barron 1993; (Schmidt-Hieber 2020) ~ «
Liu et al. 2021) Celentano :.et al. 2021) Eue; ta'al2g§; 4 ]
Computationally-efficient - Computationally-inefficient



Which function class can be efficiently learned by neural networks

Statistically-efficient

-

<
- T
RKHS 7, hyper-RKHS
(Aronszajn 1950) (Ong et al. 2004;
Liu et al. 2021)

Computationally-efficient

O Single/multi-index models

= TCS: ReLU neurons (Chen and Narayanan, 2023)

Statistically
inefficient
Barron Sobolev
(Barron 1993;

(Schmidt-Hieber 2020)  «
E et al. 2021;

Liu et al. 2024)

= Low-dimensional polynomials (Arous et al., 2021; Damian et al., 2022; Abbe et al., 2022;

Lee et al., 2024; Dandi et al., 2024)
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How does theory contribute to
practice?



How does theory contribute to practice?

O LoRA in LLM fine-tuning...

= understanding: subspace alignment
= theory-grounded algorithm for efficiency improvement

= clarify misconceptions

23



Cost for Pre-training

Cost (2023 USD, log scale)
B

100M -

10M -

™ - AlphaGo Master

GNMT

10k

1000

100

10

—— Regression mean 95% Cl of mean Using estimated cost of TPU

Gemini 1.0 Ultra
GPT-4 \

PaLM (5408)
GPT-3175B (davinci) \

\ DALL-E
2.4x/year

Inflection-2

T
2016 2017

T T T T T T
2019 2020 2021 2022 2023 2024
Publication date

(Figure credit: Epoch Al)
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https://epochai.org/blog

From pre-training to (parameter-efficient) fine-tuning

(Figure credit
Accuracy on GSM testset

Model (finetuning technique)
1.0 ™= 7B (baseline vs LoRA vs full-parameter)
mmm 138 (baseline vs LoRA vs full-parameter)
W= 70B (baseline vs LoRA vs full-parameter)
0.8 GRS
Specific (Private) N
E 0.6
S
3
<
. d 0.4
pre-training — ‘e’.uPerv's.e -_ :
fine-tuning @} o
Big web data Base LLM Fine-tuned LLM
0.0
7B GPT-4

138 708
Model Sizes



https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com

From pre-training to (parameter-efficient) fine-tuning

(Figure credit: )
Accuracy on GSM testset

: : 1.0
0.8

Specific (Private) R
§ 0.6

H
. d 0.4

o supervise | = .
— pre-training - S —
a fine-tuning -@} 0
Big web data Base LLM Fine-tuned LLM

0.0

Full fine-tuning vs. parameter-efficient fine-tuning

Model (finetuning technique)
mmm 7B (baseline vs LoRA vs full-parameter)
w138 (baseline vs LoRA vs full-parameter)
w708 (baseline vs LoRA vs full-parameter)
GPT-4

38
Model Sizes
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https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com

From pre-training to (parameter-efficient) fine-tuning

(Figure credit
Accuracy on GSM testset

: : 1.0
0.8

Specific (Private) R
§ 0.6

H
. d 0.4

o supervise | = .
pre-training - S —
@ fine-tuning -@} 0
Big web data Base LLM Fine-tuned LLM

0.0

Model (finetuning technique)
mmm 7B (baseline vs LoRA vs full-parameter)
w138 (baseline vs LoRA vs full-parameter)
w708 (baseline vs LoRA vs full-parameter)
GPT-4

38
Model Sizes

Full fine-tuning vs. parameter-efficient fine-tuning

A100 40GB GPU

LLaMA-2-7B 2~15GB g3 GB
LLaMA-2-13B X =30 GB 80~100 GB

LLaMA-2-70B

350~400 GB


https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com

From pre-training to (parameter-efficient) fine-tuning

&

Specific (Private)
[)

- supervised | — .
eE — RN
preshamne a fine-tuning ’ E"}

Base LLM Fine-tuned LLM

Big web data

Performance

A

N Full fine-tuning
0) Is it

(cost more, slower)

(Figure credit
Accuracy on GSM testset

Model (finetuning technique)
1.0 == 78 (baseline vs LoRA vs full-parameter)
w138 (baseline vs LoRA vs full-parameter)
w708 (baseline vs LoRA vs full-parameter)
08 GPT-4

S
2
Co6
g
3
<

0.4

0.2

0.0

7B 138 70B GPT-4
Model Sizes
to be here?
w

Param. efficient 5 > %

fine-tuning

(cost less, faster)

speedup 20x!

Efficiency

>
>
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https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com

LoRA: Low-rank adaption

Published as a conference paper at ICLR 2022

LORA: LOW-RANK ADAPTATION OF LARGE LAN-

GUAGE MODELS

Edward Hu"  Yelong Shen”  Phillip Wallis
YuanzhiLi ~ Shean Wang  Lu Wang
Microsoft Corporation
edward.hu@mila.quebec

{yeshe, phwallis, zeyuana, swang, luw, wzchen}@microsoft.com

yuanzhil@andrew.cmu.edu
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LoRA: Low-rank adaption

Pretrained
Weights

W € Rdxk

Published as a conference paper at CLR 2022

LORA: LOW-RANK ADAPTATION OF LARGE LAN-

GUAGE MODELS

Edward Hu" Yelong Shen* Phillip Wallis

YuanzhiLi ~ Shean Wang ~ LuWang  Weizhu Chen

Microsoft Corporation

edward.hu@mila.quebec

{yeshe, phwallis, zeyuana, swang, luw,
yuanzhil@andrew.cmu.edu

10000

7500
Zeyuan Allen-Zhu
5000

2500
wzchen}@microsoft.com

- 0
2022 2023 2024 2025

WFT — Wpre + A € Rdxk

Formulation:

A~ AB with A € R¥*" and B € R"**

Initialization:

[Ao]ij ~ N(0,0tz) and

[BO]ij =0.

(LoRA—init.)J
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Pipeline

top-r left
singular subspace

Ay

L 4
AO ..~ e

a ' 4
(Random Init)®d, One-step Gradient

By=0 V[
Bl—»...)

7]

top-r right
singular subspace
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Problem setting and assumptions

(O (Downstream) data : with unknown low-rank feature shift rank(A) = r

_ {(VVh +A)'z, = " sub-Gaussian,  linear
y =

*

o[(Wi+A)'z), = vr N(0,1,) nonlinear -
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Problem setting and assumptions

(O (Downstream) data : with unknown low-rank feature shift rank(A) = r

_ {(Wh +A)'z, = " sub-Gaussian,  linear

(3 Model : LoRA starting from known pre-trained W € R*x%

(W!+ AB)'z linear

f(x;A,B) = { :
o[(W%+ AB)"Z] nonlinear

*

o[(Wi+A)TE], & "~ N(0,1,) nonlinear -
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Problem setting and assumptions

*

(O (Downstream) data : with unknown low-rank feature shift rank(A) = r

o (Wi+Az, =z " sub-Gaussian,  linear
o[(Wi+A)TE], & "~ N(0,1,) nonlinear -

(3 Model : LoRA starting from known pre-trained W € R*x%

(W!+ AB)'z linear

f(x;A,B) = { :
o[(W%+ AB)"Z] nonlinear

O Algorithm : Squared loss, gradient descent

{L(W) =N (@5 W) — i3, Full fine-tuning
L(A,B) = 55 S | | f(xi; A, B) — 4|3, LoRA
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Problem setting and assumptions

*

(O (Downstream) data : with unknown low-rank feature shift rank(A) = r

o (Wi+Az, =z " sub-Gaussian,  linear
o[(Wi+A)TE], & "~ N(0,1,) nonlinear -

(3 Model : LoRA starting from known pre-trained W € R*x%

(W!+ AB)'z linear

f(x;A,B) = { :
o[(W%+ AB)"Z] nonlinear

O Algorithm : Squared loss, gradient descent

{L(W) =N (@5 W) — i3, Full fine-tuning
L(A,B) = 55 S | | f(xi; A, B) — 4|3, LoRA

O Evaluate ||A;B; — A||r : optimization and generalization!

E-||§— o(W + A,B) &||; < || A B — Al 28



Our results: Alignment on B,

[ one-step full gradient: G € R** and rank(G) = r*

G := —VwL(W) = %X‘r(f/ —XWY) =

1

X'XA.

29



Our results: Alignment on B;

[ one-step full gradient: G € R** and rank(G) = r*

G = - VwI(W!) = X (¥ - XW*) = X XA,

Ay

Ag*e,

0 v/
(Random Init)*, /

d U, U4 ‘/TT,L

By=0 / Vi

.

Biap .. W

Theorem (Alignment between G and B,)

For the linear setting, LoRA trained by gradient descent admits

4( 7‘/;‘*(G)):0a VteN-i-'
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Our results: Alignment on B;

[ one-step full gradient: G € R** and rank(G) = r*

G = - VwI(W!) = X (¥ - XW*) = X XA,

Ay

Ag*e,

0 v/
(Random Init)*, /

d U, U4 ‘/TT,L

By=0 / Vi

.

Biap .. W

Theorem (Alignment between G and B,)

For the linear setting, LoRA trained by gradient descent admits

4( 7‘/;‘*(G)):0a VteN-i-'

Remark: B; = 11 A} G with Rank(B;) < r*



Our results: Alignment on A,

Theorem (Informal, LoRA initialization)

Forr > r*, [Aglij ~ N(0,a?), for any € € (0,1), choosing a = O(ed_%“u_

with t* = O(Ind) steps, then we have

LU (A),Up(GQ)) S €, w.h.p.

%), running GD

Ay ...

A ’ ° A—' /[ topr let T T

R Jsingular subspace

. / *

O"... By “"o‘

Random Init)*s, / q
( LE)Te, [ oo® ~ One-step Gradient
L d<| U Ups o

: S op-

Orry1

(3

VI

Vi,

=t Vi, I
~ [17]
B‘—*”.;

top-r right
singular subspace
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Our results: Alignment on A,

Theorem (Informal, LoRA initialization)

Forr > r*, [Aglij ~ N(0,a?), for any € € (0,1), choosing a = (’)(ed_%”u_%), running GD
with t* = O(Ind) steps, then we have

LU (A),Up(GQ)) S €, w.h.p.

I

o
°
®

0.0
-25

°
©

°

>

-5.0

-75

Log Risk
o
=

Principal Angle
°
S

Mean Principal Angle

-10.0

°
=

-125

°
N
°

-15.0

10 161 1le2 1e3 1le4 10 1le1 1e2 1e3 1lé4
a? a?

°
°

SIS O N
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& &

Figure 9: Left: the risk 3 ||A;B; — Al[7.
Right: the principal angle is Figure 10: Principal angle of

: T
ming Uy 1 (G) Ups (A) [lop- fine-tuning T5 on MRPC.
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Algorithm design principle

ASVD: G=USV"

A =Up1.9SG, -

BO_Sl’r’]V ]

(Spec-init.)

—— —
01 {
T T
; \z
Or
Or41
U U, s N v

31



Algorithm design principle

A P Kk
ASVD: G=USVT { v
Ag=Up 1.0 5[1 ] | o v s oﬁ_l_ v
(Spec-init.) o
B() — S[l ’I’]V ] .

Key Message: we can “escape” the alignment stage

Under (Spec-init.), for both linear/nonlinear models, we can directly achieve the alignment at
initialization.
| AoBo — Allp is small, w.h.p.




Algorithm design principle

A P Kk
ASVD: G=USVT { v
Ag=Up 1.0 5[1 ] | o v s oﬁ_l_ v
(Spec-init.) o
B() — S[l ’I’]V ] .

Key Message: we can “escape” the alignment stage

Under (Spec-init.), for both linear/nonlinear models, we can directly achieve the alignment at
initialization.
| AoBo — Allp is small, w.h.p.

The “best"” initialization strategy! )




“Best” initialization: phase portrait

Log-Transformed Surface with Phase Portrait and Trajectories

Phase Portrait (Negative Gradient)
I LoRA Init
[ Spectral Init

s

~

w

U o

log-transformed loss




Toy example (1)

—— LoRA init

Spectral Init

Global Minimizers

LoRA init Start

LoRA init End ¥
Spec. Start N
Spec. End R 12

*0 % e

(a) Trajectory 1 (b) Trajectory 2

Figure 11: Comparison of the GD trajectories between LoRA and ours. (a) and (b): A € R? and
B € R with different initializations. The set of global minimizers is
{a] =2/t,a5=1/t,b" =t |t € R}.
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Toy example (I1)

Target Minimum
FFT Loss: 84.757

- LoRA Loss: 84.757
LoRA-One Loss: 51.902

Target Minimum
FFT Loss: 10.150

- LoRA Loss: 72.105
LoRA-One Loss: 14.414

X Target Minimum

—— FFT Loss: 3.357

— - LoRA Loss: 16.130
—— LoRA-One Loss: 3.342

—0.1

(a) At initialization (b) Middle (c) End

Figure 12: Comparison of the GD trajectories between LoRA and ours. We use two-layer neural

networks pre-trained on odd-labeled data and fine-tuned on even-labeled data on MNIST, see GIF
illustration.
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https://www.lfhsgre.org/files/LoRA-One.gif
https://www.lfhsgre.org/files/LoRA-One.gif

Relations to Muon (Keller Jordan blog)

Muon (no momentum, using NewtonSchulz5 instead of SVD)

Wi =W, —gUVT
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Relations to Muon (Keller Jordan blog)

Muon (no momentum, using NewtonSchulz5 instead of SVD)

Wi =W, — UV’

One-step Muon for fine-tuning...

[U,S,V]=SVD(VwL(WP™))
N—————
=G
Muon:  W; = WP™ — UV’

LoRA-One: Wy = WP — U, 115 1. V] 1.1

35



Spectral distribution

Singular Values by Rank

Singular Values by Rank

Singular Values by Rank

0.10 layer 27 q_proj 0.05] layer 17 k_proj layer 1v_proj
Top SV = 0.09934 g Top SV = 0.05281 150 Top SV = 1.623
Effective rank = 2.28 Effective rank = 11.8 Effective rank = 1.54
0.08
0.041 125
o 9 °
3 3 3
3 3 31
$0% 2 0.03 £1.00
2 2 2
S S 3075
2004 20,02/ g
& @ £ 050
.02 {
0o 0.01 0.25 t
0:0077 100 200 300 400 500 0:007 100 200 300 400 500 000 100 200 300 400 500

Ranked index

(a) Singular value of Wg

Figure

Ranked index

(b) Singular value of Wi

Ranked index

(c) Singular value of Wy,

13: Spectral distribution of Q, K,V



One-step gradient can suffice on small-scale datasets!

Dataset MNLI SST-2 CoLA QNLI MRPC
Size 393k 67k 8.5k 105k 3.7k
Pre-trained - 89.79 59.03 49.28 63.48
One-step full - 90.94 69.13 70.35 68.38
Muon-style - 90.48 73.00 76.64 68.38
Spectral init. - 89.91 69.22 76.31 68.38
LoRAg 85.3040.04 94.0441009 72844105 93.024007 68.3840.01
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One-step gradient can suffice on small-scale datasets!

Dataset MNLI SST-2 CoLA QNLI MRPC
Size 393k 67k 8.5k 105k 3.7k
Pre-trained - 89.79 59.03 49.28 63.48
One-step full - 90.94 69.13 70.35 68.38
Muon-style - 90.48 73.00 76.64 68.38
Spectral init. - 89.91 69.22 76.31 68.38
LoRAg 85.3010.04 94.041009 72.841195 93.021907 68.3810.01
Time cost (sec.) LoRA Spectral init. Fu"m;e o Isit to be here?
CoLA 475 <1s § (cost more, slower)
MRPC 255 <Is £ speedup 20x!
5 i .
0 memory-efficient (Lv et al., 2024) + rand. * (cost less, faster)
SVD Efficiency
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Results on LLaMA 2-7B (for one epoch)

(r=8)

LoRA
LoRA-GA
LoRA-One

GSM8K MMLU HumanEval

Direct 8s-CoT Avg. PASS@1
59.2640.76  53.364+0.77 45.734030 25.8541.75
60.44.1:7 55.88.044 47.12.012 28.66.1039

= One epoch, rank 8, three runs

= Hyperparameter optimized over learning rate, batch size
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Results on LLaMA 2-7B (for one epoch)

GSM8K MMLU HumanEval
(r=238) Direct 8s-CoT Avg. PASSQ@1
LoRA 59.261 076 53.361077 45.731030 25.854175

LoRA-GA 56.44&1.37 46.07i1_01 45-70i0.77 26.95i1_30
LoRA-One 60.44i0,17 55.88i0.44 47-12i0.12 28.66i0,39

= One epoch, rank 8, three runs
= Hyperparameter optimized over learning rate, batch size

LoRA: 6h 20min + 3min
[ LGRAT 2116/GBI + 0.1GB



Results on LLaMA 2-7B (for one epoch)

(r=3)

LoRA
LoRA-GA
LoRA-One

GSM8K MMLU HumanEval

Direct 8s-CoT Avg. PASS@1
59.261076  53.3640.77  45.7340.30 25.85+1.75
56441137 46.071101 45704077  26.9541130
60.44,.017; 55.88.044 47.12.45:0 28.66.(39

= One epoch, rank 8, three runs

= Hyperparameter optimized over learning rate, batch size
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Results on LLaMA 2-7B (for one epoch)

GSMB8K MMLU HumanEval
(r=238) Direct 8s-CoT Avg. PASSQ@1
LoRA 59.26107¢ 53.361077 45.731030 25.8511.75
LoRA-GA 56.44i1.37 46.07i1_01 45-70i0.77 26.95i1_30
LoRA-One 60.44i0,17 55.88i0.44 47-12i0.12 28.66i0.39

= One epoch, rank 8, three runs
= Hyperparameter optimized over learning rate, batch size

= Train: 100k subset from Code-Feedback

s Test: Humaneval, Pass@1

LoRA: 6h 24min + 2min

 LoRA:226GB -1.1GB

38



Results on LLaMA 2-7B (for more epochs)

64

Accuracy (%)
o
o

LoRA

Figure 14: Accuracy comparison across different methods over epochs on GSM8K.

Epoch 1 Epoch 2 Epoch 3 Epoch 4
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Results on LLaMA 2-7B (for more epochs)

64

LoRA

o
R

Accuracy (%)

Epoch 1 Epoch 2 Epoch 3 Epoch 4

Figure 14: Accuracy comparison across different methods over epochs on GSM8K.

A Full fine-tuning
o Is it to be here?

w
(cost more, slower)

Param. efficient
fine-tuning

Performance

(cost less, faster)

\ 4



Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA's gradients align to full fine-tuning!

40



Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA's gradients align to full fine-tuning!

[ best 27 approximation

{rank(VAL (A,,By))

<r
rank(VpL (A, By)) <r
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Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA's gradients align to full fine-tuning!

™ best 21 approximation Method Init. on A Init. on B Calibration
rank(VaL (A;, By)) <7 LoRA N(0,a?) i 0 -
LoRA-GA Up1.r | WPe — AyB
rank(VpL (Ay,By)) <r © [:,1:7] [:r+1:27] 0Bo

1/2 1/2 T
LoRA-One U[ialiT]S[lzr] S[l:'r]‘/[:,l:'r] _
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Clarification on gradient alignment based work

LoRA-GA (Wang et al., 2024): make LoRA's gradients align to full fine-tuning!

0 \ Method Init. on A Init. on B Calibration

-5
¥ 10 LoRA N(0,0?) 0 -
@ —— -0
T oo LoRA-GA  Upiw Vil ag W™ —ABy

20 LoRA-One U 1S SHAVE L _

=25

0 20 40 60 80 100
Epochs
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Takeaway messages: speedup via spectral initialization

A Full fine-tuning
9 Is it to be here?

w

(cost more, slower) * LoRA-One

()

O

c

®

g T

RS,

o} LoRA () —> &

o speedup 20x!
(cost less, faster)

Efficiency
(3 Yuanhe Zhang, Fanghui Liu, Yudong Chen. LoRA-One: One-step full gradient could suffice
for fine-tuning large language models, provably and efficiently. ICML'25 Oral

= subspace alignment: G and (A, B;) = theory-grounded algorithm design
= “optimal” non-zero initialization strategy


https://arxiv.org/abs/2502.01235
https://arxiv.org/abs/2502.01235

Go beyond...

= How to handle nonlinearity at a theoretical level (e.g., training dynamics)

= How to precisely and efficiently approximate nonlinearity at a practical level under
theoretical guidelines
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Go beyond...

= How to handle nonlinearity at a theoretical level (e.g., training dynamics)

= How to precisely and efficiently approximate nonlinearity at a practical level under
theoretical guidelines

uBreak Time.

Let’s take a short break

(Generated by GPT5.5)
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DAG-MATH




What is LLM reasoning/Chain-of-Thought (CoT) (Wei et al., 2022)?

1 Intermediate steps / tokens |
Input — — Output

Reasoning

43


https://dennyzhou.github.io/LLM-Reasoning-Stanford-CS-25.pdf

What is LLM reasoning/Chain-of-Thought (CoT) (Wei et al., 2022)?

| Intermediate steps / tokens |
Input — — Output

Reasoning

What is the output when concatenating the last Ietter of each word
n “artificial intelligence”?

.
No reasoning Reasoning Cj
The answer is “le”. The last letter of “artificial” is “I”. The last

letter of “intelligence” is “e”. Concatenating “I”
and “e” leads to “le”. So the answer is “le”.

43


https://dennyzhou.github.io/LLM-Reasoning-Stanford-CS-25.pdf

Motivation: Is CoT real reasoning

LLMs achieve high scores on math benchmarks using Chain-of-Thought (CoT). But is this
success from:

= Genuine logical inference?
= Search / exploration?
= Memorization?

44



Motivation: Is CoT real reasoning

LLMs achieve high scores on math benchmarks using Chain-of-Thought (CoT). But is this
success from:

= Genuine logical inference?
= Search / exploration?
= Memorization?

Existing Gaps

= Framework: Prior work uses fixed graphs (Dziri et al., 2023), reversible chains (Kim
et al., 2025), or k-parity trees (Yao et al., 2023) — missing generality.

= Evaluation: PASS@k only checks final answers, but not reasoning fidelity.
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Motivation: Is CoT real reasoning

LLMs achieve high scores on math benchmarks using Chain-of-Thought (CoT). But is this
success from:

= Genuine logical inference?
= Search / exploration?
= Memorization?

Existing Gaps

= Framework: Prior work uses fixed graphs (Dziri et al., 2023), reversible chains (Kim
et al., 2025), or k-parity trees (Yao et al., 2023) — missing generality.

= Evaluation: PASS@k only checks final answers, but not reasoning fidelity.

Intuitively, LLM reasoning requires

= identify all required premises (e.g., facts, constraints)
= correct logical inference from premises to the conclusion
= Accurate calculation and symbolic execution

44



Mathematical reasoning of LLMs (Natural language)

Logarithmic Count Problem from MATH-500

For how many integers k& € [—300, 300] does the equation
2log(x — 1) = log k have exactly one real solution 7

45



Mathematical reasoning of LLMs (Natural language)

For how many integers k& € [—300, 300] does the equation

2log(z — 1) = log k have exactly one real solution z?

ChatGPT

&, Share

For real logs we need

cez—1>0=2>1,
e k > 0 (since log k must be defined).

Given
2log(z — 1) =logk = log ((z —1)?) =logk
and since log is injective on (0, 00),
(z—1) =k

Thus z = 1 + v/k. The constraint z > 1 eliminates 1 — v/k, leaving exactly one real
solutionz = 1 + \/Efor every k > 0.

In [—300, 300], the positive integers are 1, 2, . . ., 300: 300 values.

45



Lean Language (Interact with Claude)

12 analysis:
13 - For Log(x-1) 1o be defined, we need x > 1

14 - For Log k to be defined (as  real), we need k

15 - The equation 2+Log(x-1) = log k becoses log((x-1)?) = log k

16 - This gives (x-1)* = k, 50 x - 1 = 24k

17-Stnce x> L wenead x - 120, S0 3« (e psitive raat)
18- Thus x = 1 + Jk is the unique solution for each k

19

20 Answer: 300 (the positive integers from 1 to 300)

2/

25 /-- The set of real solutions x to the equation 2 » Log(x - 1)
24 def solutions (k : R) : Set R ix

25 {x:R1x>1ak>0a2xReal.log (x - 1) = Real.log k}
2%

27 /-~ Helper Lemma: 2 + Log(yk) = log k for k > 0 -/

26 lemna two-log-sart_eq (k ¢ R) (hk : k > 0) : 2 » Real.log (Real.sart k) = Real.log k t= by
25 1w [Real.log.sart (le-of 1t hi)]

Tog k -/

32 /- For k > 0, the equation 2 » Log(x - 1)
53 theoren solutions_eq.singleton (k : K) [N
3 solutions k = {1 + Real.sart k}
35 extx

36 simp only [solutions, mem_setof eq, mea_singleton.iff]

Tog k has exactly one solution: x = 1+ vk -/
k> 0) ¢

59 have hxmlpos : x - 1> 0 t= by Linarith
40 have ht : Real.log ((x - 1) * 2) = Real.log k := by
a T [Real.log_pow, « heal; ring

42 have hsapos : (x - 1) A2 05.0f_pos hxa1_pos

45 have h2 1 (x- 1) A2k ix Real. \a..mm pos (aea_loi.mpr hsq_pos) (sea_Loi.mpr hk) hi

s ave hiart  Reabusart ((x - 1)  2) = Real.sart k
% rea [Real.sqrt.sq (le-of-1t hxmi_pos)] at hsart

congrarg Real.sart h2

Real.sart.pos.mpr hk

5 tlep cnly (aiisab cancal.laft)
55 exact two_log_sart_eq

57 /-- For k 50, the equation has no solutions -/
55 theoren solutions_empty_of .nonpos (k : &) (hk : k 5 0) :
5 solutions k
6 extx

61 simp only [solutions, men_setOf_cq, mem_empty_iff_false, iff_false, not.and]
62 intro - hk_pe

65 Linarith

65 /-~ The equation has exactly one solution if and only if k > 0 -/
6 theorem has-aniaue-solution 461 (k : B) ©

67 (3l x, x € solutions k) = k > 0 i= by

65 constructor

69 intro (x, hx, -)

70 exact hx.

71 - intro hk

72w [solutions_eq_singleton k hk]

75 use 1+ Real

74 simp only [men_singleton_iff, true_and]
id

75 exact fun _
7%

7] Toaseet o ngaradkiin 5386, S68] forhich theqationihassaascilyjone aitiome]
78 def validintegers : Finset
73 Finset.filter (fun k = m :2) < k) (Finset.Icc (-300) 300)
0

81 /-- The valid integers are exactly {1, 2, . }

82 theoren validintegers_eq : validIntegers = Finset.Icc 1 300
85 ext k

8 simp only [ Finset.men_filter, Finset.men_Lcc]
85 constructor

8 - intro ((, hhi), hpos)

87 exact (hpos, hhi)

8 . intro (hpos, hhi)

89 exact ((by linarith, hhi), hpos)

91 /-- The cardinality of Icc 1 300 is 300 -
92 theoren card.lcc_one 300 : (Finset.Ice (1 : Z) 300).card = 300 := by

95 have h : (Finset.Icc (1 : 2) 300).card = (300 = 1+ 1 : Z).toNat :a Int.card_lcc 1 300
9 simp only [h]

95 native_decide

97 /-= The answer to the problem is 300 -/

95 theorem answer : validIntegers. 300 := by

99 rw [validIntegers._ea, card.lcc_one_300]

100

101 /-- Characterization: k ¢ validIntegers iff k is in range and the equation has unique solution -/
102 theoren validintegers_iff (k : 2) :

105 k€ validintegers - k & Finset.Lec (500
104 simp only [
105 constructor
106 - intro ((hlo, hhi), hpos)

107 refine ((hlo, hhi), 2.)

108w [has_unique_solution_iff]

109 exact Int.cast-pos.mpr hpos

110+ intro ((hlo, hhi), hunia)

111 refine ((hlo, hhi), 7.)

112 rw [has.unique_solution.iff] at huniq
115 exact Int.cast_pos.mp huniq

14

2) 300 & (31 x 1 R, x € solutions k) = by
Finset.men_cc]
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Phase 1: Task-specific Direct Acyclic Graph (DAG) for Step-Level CoT

One CoT Step in the Logarithmic Count Problem

If two logarithmic expressions are equal, then their arguments is equal.

Hence, from 2log(z — 1) = logk , we can conclude (z —1)2 =k .
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Phase 1: Task-specific Direct Acyclic Graph (DAG) for Step-Level CoT

One CoT Step in the Logarithmic Count Problem

If two logarithmic expressions are equal, then their arguments is equal.

Hence, from 2log(z — 1) = logk , we can conclude (z —1)2 =k .

= Edge (Justification): encodes the logical dependency, making the reasoning chain

transparent.
= Node (Conclusion): the step’s conclusion (state or value)
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Phase 1: Task-specific Direct Acyclic Graph (DAG) for Step-Level CoT

One CoT Step in the Logarithmic Count Problem

If two logarithmic expressions are equal, then their arguments is equal.

Hence, from 2log(z — 1) = logk , we can conclude (z —1)2 =k .

= Edge (Justification): encodes the logical dependency, making the reasoning chain

transparent.
= Node (Conclusion): the step’s conclusion (state or value)

Decomposition is non-unique due to semantic variation.
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Phase 1: Task-specific Direct Acyclic Graph (DAG) for Step-Level CoT

One CoT Step in the Logarithmic Count Problem

If two logarithmic expressions are equal, then their arguments is equal.

Hence, from 2log(z — 1) = logk , we can conclude (z —1)2 =k .

= Edge (Justification): encodes the logical dependency, making the reasoning chain

transparent.
= Node (Conclusion): the step’s conclusion (state or value)

Given a prompt x;,, we define the directed graph as

G(@in) = V(@in),E(@in)), where E(xin) C V(Xin) X V(@in) -
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Phase 1: Task-specific Direct Acyclic Graph (DAG) for Step-Level CoT

One CoT Step in the Logarithmic Count Problem

If two logarithmic expressions are equal, then their arguments is equal.

Hence, from 2log(z — 1) = logk , we can conclude (z —1)2 =k .

= Edge (Justification): encodes the logical dependency, making the reasoning chain

transparent.
= Node (Conclusion): the step’s conclusion (state or value)

Given a prompt x;,, we define the directed graph as
G(xin) := V(xin),E(21n)), where E(xiy) CV(2in) X V(@in) -

Empirical evidence (Ye et al., 2025): A latent directed dependency graph: once a
question/prompt is posted, before any output is generated.
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Why acyclic?

For any input prompt x;,, the task-specific directed graph G(xsy) is acyclic.
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Why acyclic?

For any input prompt x;,, the task-specific directed graph G(x,) is acyclic.

= Thinking models encourage backtracking and self-correction during the thinking process
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Why acyclic?

For any input prompt x;,, the task-specific directed graph G(xiy) is acyclic.

= Thinking models encourage backtracking and self-correction during the thinking process

ChatGPT 5.2 Thinking v &, Share 2, Addpeople -+ Activity - 1m 49s X

On AABC, points 4, D, E, and B e intha orderon side A5 with AD
A,F,G and C lie i that order on side AC with AF = 13, I'G = 52, and.
of D through F, and etV b the reflction of G through . Quadrilateral D
of heptagon AFNBCEM.

Checking shape of heptagon AFNBCEM for self-

T intersection

Seems like the area | calculated for the heptagon

sovle this problem is 588, which matches the triangle's area. But |
need to check if AFNBCEM is a simple polygon

(without self-intersections). I'm looking at the

points carefully to see if they cross each other. |

SUSPEC ITs ot self-Grossing, But 1M double-
Thought for Tm 49s > check for intersections between segments like F-
Nand C-E.
Letd = A§ and ¥ = A( ,% Use the affine coordinate system

Checking intersections between edges of the
(z,9) Tt + Y7, polygon
I'm looking into possible intersections between
the polygon’s edges. So far, I've checked the
so that
slopes and equations for several edge pairs. For
example, edge F-N doesn't intersect with C-E.

A=(0,0), B=(1,0), C=(0,1).

L to check more pairs like N-B and E-M to be sure.

Edge M-A also doesn't cross with F-N. But | need
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Why acyclic?

For any input prompt x;,, the task-specific directed graph G(xiy) is acyclic.

LLMs output only the finalized, perfect, correct reasoning results to the user

ChatGPT 5.2 Thinking v X, Share 2, Addpeople -+

On AABC, pint A, D, , and B e n thatoxder on side A7 with AD = 4, DE = 16, EB3 = & Poins
4,F,G and C i i that rder on side AC with AF = 13, FG = 52, and GC = 26, Lt M be he rfecion
of Dthrough F, and e bethe eflection o G through E'. Quadelateral DEGF has avea 255, Findthe

of heptagon AFNBCEM.

sovle this problem

Thought for 1m 49s >

Letd = ﬁ and ¥ = E Use the affine coordinate system
(z,y) — @i +yv,

so that

A=(0,0, B=(10), C=(0,1).

Activity - 1m 49s

Checking shape of heptagon AFNBCEM for self-
intersection

Seems like the area | calculated for the heptagon

is 588, which matches the triangle's area. But |
need to check if AFNBCEM is a simple polygon
(without self-intersections). I'm looking at the
points carefully to see if they cross each other. |

X

SUSPECt T's not self-crossing, but Il double-
check for intersections between segments like F-
Nand C-E.

Checking intersections between edges of the
polygon

I'm looking into possible intersections between
the polygon's edges. So far, I've checked the
slopes and equations for several edge pairs. For
example, edge F-N doesn't intersect with C-E.
Edge M-A also doesn't cross with F-N. But | need
to check more pairs like N-B and E-M to be sure.
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Why acyclic?

For any input prompt x;,, the task-specific directed graph G(xiy) is acyclic.

LLMs output only the finalized, perfect, correct reasoning results to the user

answer-based math problem:

constructed by backtracking through its ancestor

ChatGPT 5.2 Thinking v

Thought for 1m 49s >

X, Share 2, Add people

G SABC, iy 4D, 04 B st xder o sde 718 with AD = 4, DE = 16,55 = . Pis

F,G and C e intha orde on side AC with AF = 13, FG = 52, and GC = 26, Let M be the rfiction
D o e ¥ e o f G e £ el DEGE s e 25, o e
of eptagon AFNBCENM.

sovle this problem

Letd = A§ and ¥ = ﬁ Use the affine coordinate system

so that

(z,y) — =zt +yd,

Activity - 1Tm 49s X

Checking shape of heptagon AFNBCEM for self-
intersection

Seems like the area | calculated for the heptagon

is 588, which matches the triangle's area. But |
need to check if AFNBCEM is a simple polygon
(without self-intersections). I'm looking at the

points carefully to see if they cross each other. |

SUSpect TS not self-crossing, but 1M double-

check for intersections between segments like F-
Nand C-E,

Checking intersections between edges of the
polygon

I'm looking into possible intersections between
the polygon's edges. So far, I've checked the

slopes and equations for several edge pairs. For
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Example: Task specific DAG for the logarithmic count problem

O OO
w\ @/

w @

Figure 15: Task-specific DAG
via LLaMA-3.1-8B-Instruct.

U1

U2

U3

V4

Us

Ve

v7

Ug

Vg

:“2log(z — 1) = log k" (target equation);

: “k € [-300,300]" (range constraint);

: “exactly one solution" (task requirement);

: “log(z — 1) requires « > 1" (constraint inferred from the equation);

: “log k requires k > 0" (constraint inferred from the equation);

:“2log(z — 1) =logk = (x —1)% = k" (re-arranged equation);
:“x = 1 £ k" (solve the quadratic equation);
:“1 + vk is the only solution" (correct check);

: “For any k, there are two solutions" (incorrect check);

: “There are 300 valid values for k" (the correct answer);

: “There are 0 valid value for k" (the incorrect answer).
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Phase 2: Stochastic Process on Logic Dependence

O OO
w\ @/
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Phase 2: Stochastic Process on Logic Dependence

@ @ @ = Node-level autoregressive distribution P

= The CoT trajectory {V;}L | follows:
S @ fa v
[ WNP( | ‘/t—17~~ 7V17Xin)
= outN]P)('|VL717“'7V17Xin)
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Phase 2: Stochastic Process on Logic Dependence

@ @ @ = Node-level autoregressive distribution P

= The CoT trajectory {V;}L | follows:

S © & e
e Vi P(- | Vier,.o Vi, Xan)
'outN]P)('|VL717“'7V17Xin)

= (Valid) transition probability
P(Vt =v| Vi1 = v, Xin = win)v

Yo € V(v1.4—1 | @in)
@

V(0rei | @) == {v € V(ai) : pa(v) C {v14_1), v ¢ {m_l}}.
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Example: Task specific DAG for the logarithmic count problem

@ @ @ = Wrong reasoning, e.g., (v1,vs,v3, Vg, U7, Vg, U11): The

final answer is incorrect.
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Example: Task specific DAG for the logarithmic count problem

@ @ @ = Wrong reasoning, e.g., (v1,vs,v3, Vg, U7, Vg, U11): The

final answer is incorrect.

@ @ @ = Perfect reasoning (v, vo,v3, V4, Us, Vg, U7, Us, U10): The
trajectory only includes the correct sink node and its
ancestors.
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Example: Task specific DAG for the logarithmic count problem

@ @ @ = Wrong reasoning, e.g., (v1,vs,v3, Vg, U7, Vg, U11): The

final answer is incorrect.

@ @ @ = Perfect reasoning (v, vo,v3, V4, Us, Vg, U7, Us, U10): The
trajectory only includes the correct sink node and its
ancestors.

= Imperfect reasoning e.g.,

(”Ul, V2, U3, U4, Vs, Vg, Ur, 7 Vs, l,'l(])i The trajectory still

reaches the correct answer but also includes the irrelevant

node vg, which is not an ancestor of the correct node.

PASS@k treats imperfect and perfect reasoning

identically. New metric needed to distinguish them: search
vs. genuine inference.
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Evaluation Metrics

Logical Closeness & Perfect Reasoning

A generated DAG is logically closed if every non-sink node has at least one outgoing edge,
meaning every intermediate result is actually used in subsequent reasoning.

Perfect reasoning = logically closed + correct final answer.
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Evaluation Metrics

Logical Closeness & Perfect Reasoning

A generated DAG is logically closed if every non-sink node has at least one outgoing edge,
meaning every intermediate result is actually used in subsequent reasoning.

Perfect reasoning = logically closed + correct final answer.

Perfect Reasoning Rate (PRR)
Fraction of trajectories that are both logically | Relaxes the closeness threshold from 0% to
closed AND reach the correct answer. 100%, plotting accuracy at each level.
Captures genuine reasoning ability. Provides a comprehensive ranking of

reasoning performance.
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Formulate mathematical reasoning ability

Given an input prompt x;,, generate one CoT trajectory, we construct a trajectory-specific
DAG ggen(Xin)

Definition (Logical closeness)

For each node v € Ggen(1n), define its out-degree as

deg (v | Ggen(@1)) = |{1t € Ggen(@sa) | (v = 1) € Eqen(@sn) }|
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Formulate mathematical reasoning ability

Given an input prompt x;,, generate one CoT trajectory, we construct a trajectory-specific
DAG ggen(Xin)

Definition (Logical closeness)

For each node v € Ggen(1n), define its out-degree as
deg (v | Ggen(@1)) = |{1t € Ggen(@sa) | (v = 1) € Eqen(@sn) }|
We say that Ggen(in) is logically closed if
deg(v | ggen(a:in)) >1, Y€ Vgen(®in),

i.e., only the final nodes have no outgoing edges.
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Mathematical reasoning ability of LLMs

Indicator functions

{1, if the sink node of Ggen(Xin) is correct,

0, otherwise.

5f inal (ggen (Xln))

1, if Ggen(Xin) is logically closed,

6close (ggen(Xin)) = {

0, otherwise.




Mathematical reasoning ability of LLMs

Indicator functions

{1, if the sink node of Ggen(Xin) is correct,

0, otherwise.

5f inal (ggen (Xln))

1, if Ggen(Xin) is logically closed,

6close (ggen(Xin)) = {

0, otherwise.

The Perfect Reasoning Rate (PRR) is

PRR(Xln) = IE:]P’ |:5close (ggen (Xln)) X 5final (ggen (Xln))] .
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Mathematical reasoning ability of LLMs

Indicator functions

1, if the sink node of Ggen(Xiyn) is correct,
5final (ggen(Xin)) = { . g ( )
0, otherwise.

1, if Ggen(Xin) is logically closed,

dc1ose (Ggen(Xin)) = {

0, otherwise.

The Perfect Reasoning Rate (PRR) is
PRR(Xln) = EP |:5close (ggen (Xln)) X 6final (ggen (Xln))] .

Definition (Mathematical reasoning ability)

The overall mathematical reasoning ability of an LLM is

R := EXin~D [PRR(Xm)] = IE]P’, Xin~D |:5close (ggen (Xm)) X Ofinal (ggen (Xm))] 0



Mathematical reasoning ability of LLMs

Indicator functions

1, if the sink node of Ggen(Xin) is correct,

5fina1 (ggen(Xin)) = {

0, otherwise.

Sclose (ggen(xi,,)) = a, if ratio o of nodes in Ggen(Xin) is logically closed

The Perfect Reasoning Rate (PRR) is
PRR(X:LH) = E]P’ |:6close (ggen(Xin)) X 6final (ggen(Xin))] .

Definition (Mathematical reasoning ability)

The overall mathematical reasoning ability of an LLM is

R = EXi,,ND [PRR(Xln)] = E]P’, Xin~D |:6close (ggen (Xm)) X 5fina1 (ggen (Xln))] .
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Why logic closeness useful? - Diagnosis

On AABC, points A, D, E, and B lie in that order on side AB with AD = 4, DE = 16,
EB = 8. Points A, F,G and C lie in that order on side AC with AF = 13, FG = 52,
and GC = 26. Let M be the reflection of D through F', and let N be the reflection of G
through E. Quadrilateral DEGF has area 288. Find the area of heptagon AFNBCEM.
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Why logic closeness useful? - Diagnosis
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DAG-MATH Formatted CoT and Benchmark construction

DAG-MATH explicitly specifies each reasoning step in forward generation order: Edge —
Parent(s) — Node.

Example DAG-MATH Formatted CoT for the logarithmic count problem

Step 1

Edge: Restate the target equation from the problem statement, 2log(z — 1) = log k, which is the central
equation to solve for x in terms of k.

Parents: Null

Node: 2log(z — 1) = log k.

Step 4

Edge: Since the left-hand side of the equation in Step 1 contains log(z — 1), the domain restriction for a
logarithm requires  — 1 > 0,i.e., z > 1.

Parents: Step |

Node: log(z — 1) requires = > 1.




DAG-MATH Formatted CoT and Benchmark construction

DAG-MATH explicitly specifies each reasoning step in forward generation order: Edge —
Parent(s) — Node.

Example DAG-MATH Formatted CoT for the logarithmic count problem

Step 1

Edge: Restate the target equation from the problem statement, 2log(z — 1) = log k, which is the central
equation to solve for z in terms of .

Parents: Null

Node: 2log(z — 1) = log k.

Step 4

Edge: Since the left-hand side of the equation in Step 1 contains log(z — 1), the domain restriction for a
logarithm requires  — 1 > 0,i.e., z > 1.

Parents: Step |

Node: log(z — 1) requires = > 1.

Gold-standard CoT trajectory
= it adheres to the DAG-MATH format;

= its corresponding DAG is logically closed;

= the final answer is correct. 56




DAG-MATH Formatted CoT and Benchmark construction

DAG-MATH explicitly specifies each reasoning step in forward generation order: Edge —
Parent(s) — Node.

Example DAG-MATH Formatted CoT for the logarithmic count problem

Step 1

Edge: Restate the target equation from the problem statement, 2log(z — 1) = log k, which is the central
equation to solve for x in terms of k.

Parents: Null

Node: 2log(z — 1) = log k.

Step 4

Edge: Since the left-hand side of the equation in Step 1 contains log(z — 1), the domain restriction for a
logarithm requires z — 1 > 0,ie.,z > 1.

Parents: Step |

Node: log(z — 1) requires = > 1.

DAG-MATH Benchmark with 2,894 gold-standard DAGs

= Omni-MATH (difficulty level from 1 to 6)
= a three-stage prompting strategy via GPT-04-mini and
Qwen3-235B-A22B-Thinking-2507
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DAG Statistics Across Difficulty Levels

#Nodes Distribution by Difficulty Group #Edges Distribution by Difficulty Group Graph Density Distribution by Difficulty Group,
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035
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4 3
Maximum In-Degree

= Harder problems produce larger graphs.
= Harder problems produce sparser graphs.
= Max out-degree rises sharply; max in-degree

4 6
Maximum Out-Degree

grows slowly.
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Evaluation: AUC Curves Across Models

AIME 2025

BRUMO 2025

HMMT 2025

—— Gemini-2.5-F (AUC=0.484)
Qwen3-30B (AUC=0.395)
08 —— Gemini-2.5-F-L (AUC=0.342)
GPT-4.1-M (AUC=0.296)
—— GPT-4.1 (AUC=0.255)

Accuracy

—x

. N\

—— Gemini-2.5-F (AUC=0.579)
Qwen3-30B (AUC=0.437)
—— Gemini-2.5-F-L (AUC=0.389)
GPT-4.1-M (AUC=0.332)
—— GPT-4.1 (AUC=0.320)

Y

—— Gemini-2.5-F (AUC=0.335)
Qwen3-30B (AUC=0.239)
—— Gemini-2.5-F-L (AUC=0.232)
GPT-4.1-M (AUC=0.134)
—— GPT-4.1 (AUC=0.108)

o () 06
Logical Closeness Rate

1. Search inflates PASS@1 but PRR remains similar across models, i.e., genuine reasoning

ability is comparable.

2. Perfect trajectories = smallest, densest DAGs. Incorrect ones = large, sparse, heavy

branching.

3. ~36% gap between PASS®@1 and PRR (e.g. Gemini-2.5-Flash), statistically significant

with 128 samples.

038 10 00

o 04 06 08 10 00
Logical Closeness Rate

o 04 06
Logical Closeness Rate
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Takeaway messages: balance natural and formal languages

(3 Yuanhe Zhang, llja Kuzborskij, Jason D. Lee, Chenlei Leng, Fanghui Liu. DAG-Math:
Graph-Guided Mathematical Reasoning in LLMs ICLR'26, [code]

= A DAG-MATH framework for reasoning evaluation
= Perfect reasoning metric (logic closeness): all models are similar

= Whether it can maintain compact, low-branching DAGs

59


https://arxiv.org/abs/2510.19842
https://arxiv.org/abs/2510.19842
https://github.com/YuanheZ/DAG-MATH

Takeaway messages: balance natural and formal languages

O Yuanhe Zhang, llja Kuzborskij, Jason D. Lee, Chenlei Leng, Fanghui Liu. DAG-Math:
Graph-Guided Mathematical Reasoning in LLMs ICLR'26, [code]

= A DAG-MATH framework for reasoning evaluation
= Perfect reasoning metric (logic closeness): all models are similar

= Whether it can maintain compact, low-branching DAGs

Future directions

= mixture of natural and formal language (e.g., Seed-Prover 1.5)
= Using DAG-MATH for reasoning performance improvement/Lean formalization

= Mathematical definition of reasoning
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https://arxiv.org/abs/2510.19842
https://arxiv.org/abs/2510.19842
https://github.com/YuanheZ/DAG-MATH

From Natural Language to Lean: a Verification Phase Transition

A . Structured /
Natural Language Semi-formal Mathematics Verifiable Language Lean / Formal Code
o flexible * proof sketches « explicit statements * precise
* human-friendly « shared conventions « proof blueprint * machine-checked
* ambiguous « implicit assumptions « checkable obligations  rigid
 hard to verify * kernel-verified
N
2N
Phase transition /
bottleneck
statement alignment
and semantic
consistency

Low ~——————————— increasing formal rigor and machine verifiability > High
High — === e e e e e e flexibility and expressiveness (decreases) ----------—--——-—-——-—-- —  Low
™\ Key challenge: the hardest step is often

(g? ) not proof checking, but aligning
~/  mathematical intent with formal statements.
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AIAMATH...




Brief introduction of Lean 4

Lean as a programming language

= We write a mathematical statement and construct a proof as coding

= Lean's trusted kernel checks that the proof is valid.

O State it, but not prove it (0 State it and prove it

theorem add_zero theorem add_zero
(n : Nat) : (n : Nat) :
n+0=mn :=by n+0=n :=by
sorry simp
sorry as a placeholder: The tactic simp as a strategy:
“I have not provided the proof yet.” constructs a proof via Lean's simplification rules.
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https://lean-lang.org/

https://lean-lang.org/

Understanding a Lean Theorem Declaration

2. (n : Nat) 3. : (colon)
Parameter n of type Nat Separates the parameters
(natural number). from the type of the theorem
(the statement to be proven).
1. theorem
We are declaring theorem add_zero e
a theorem named
S o The statement (a proposition).
= Lean understands this as a
type of kind Prop.
sorry y
Two colons, two different roles:
/ \ e n: Nat
5. := by 6. sorry “n has type Nat”.
R (type annotation for the parameter)
We are about to provide A placeholder.
a proof. Lean accepts the file, (D aNat)
¢ “Next comes the type of the theorem”
but the theorem is
(separates parameters from the result type)
not yet proved.
What does this mean? As a function type in Lean: After proving
R A Replace sorry with a real proof,
is declaration says: h
[add_zero] : [(n : Nat) } - {(n +0 =n) J fofexample:

wehaven + 0 = n.”

“For any natural number n, l l l

The name of the theorem  Takes an input Returns a proposition: Lean'’s kernel will check the proof

(a constant in Lean). n of type Nat. n+0=n and mark the theorem as
verified.
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(Industrial) Revolution in Mathematics via LLMs

Proof validation/-
formalization (Lean)
Machine-checked for-
mal proof in LEAN 4

Proof generation (LLMs)
Natural-language ideas,
lemmas, candidate arguments

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

Stage 1: LLM Generates Natural-Language Proofs Stage 2: Lean Verification Stage 3: Human Understanding
lost Abundant / Vast Automated / Scalable / Agent-driven / Smallest / Slowly Digesting

LEAN
Verifcation
Engie

e

In the universe of proofs, generation and verification are immensely vast; the humans who understand them are so small.
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(Industrial) Revolution in Mathematics via LLMs

Proof validation /-
formalization (Lean)
Machine-checked for-
mal proof in LEAN 4

Proof generation (LLMs)
Natural-language ideas,
lemmas, candidate arguments

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

= Validation is bottleneck
= plausibility is not correctness;
= small gaps can invalidate a proof;
= informal checking does not scale to libraries.

= Math aims to advance human understanding
= not just a machine for generating formal proofs
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(Industrial) Revolution in Mathematics via LLMs

Proof validation/-
formalization (Lean)
Machine-checked for-
mal proof in LEAN 4

Proof generation (LLMs)
Natural-language ideas,
lemmas, candidate arguments

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

= Validation is bottleneck
= plausibility is not correctness;
= small gaps can invalidate a proof;
= informal checking does not scale to libraries.

= Math aims to advance human understanding
= not just a machine for generating formal proofs
Lean (verification) is not a silver bullet but helps reduce and transfer risk.
= consistency vs. complete [Gédel's incompleteness theorems]

= statement consistency




(Industrial) Revolution in Mathematics via LLMs

Proof generation (LLMs)
Natural-language ideas,
lemmas, candidate arguments

= Validation is bottleneck

Proof validation /-
formalization (Lean)
Machine-checked for-
mal proof in LEAN 4

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

= plausibility is not correctness;

= small gaps can invalidate a proof;

= informal checking does not scale to libraries.

= Math aims to advance human understanding

= not just a machine for generating formal proofs

Question shift

Can Al suggest a proof?

=

Can WE validate, reuse, and help understanding?
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AI4SLT from empirical process (Zhang, Lee, Liu, ICML’26)

R(H-R(f*) < Sfug ‘(ﬁf]P)(iffff,)‘ +| confidence term

[Critical Radius (XJ [Gaussian Lipschitz Concentration]
Dudley’s Entropy Integral Bound
1® s
o fn g f
[ Metric Entropy ] [ subGaussian Process]
CI Chapter 4
Efron Stein

Wainwright (2019) (High-dimensional Statistics, HDS)

[ Chaining ] [Cnveving Number ]

[HDS Chapter 13 CI Chapter 5

HDS Chapter 5 CI Chapter 3

Boucheron et al. (2013) (Concentration Inequality, CI)

Concentration

High-probability control of the empirical
process fluctuation.

P{If(X) - Ef(X)| 2 t} < 2exp(—2%) .

Capacity control

Localize around f*:

F(0) ={f e F:d(f, ") <6},

then bound complexity by metric entropy:

Go(F()) < % Y o N e F @) ) de.
n Jo

v
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Natural-language SLT vs. Lean 4 obligations

Mathematical phrase

What Lean asks for

“Take a supremum over a class”
“Apply concentration”
“Use covering numbers”

“Integrate entropy”
"By density”

Topology, measurability, boundedness or extended-real
formulation

Exact Lipschitz structure, distributional assumptions, in-
tegrability

Metric-space structure, finite nets, cardinal coercions,
monotonicity

R vs. R>o U {oo} integral interface

Approximation sequence, convergence mode, preserva-
tion of constants
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Dependency graph and deliverables

-

Sub-Gaussian Process

Formulation - Concentration

Covering Number =700 lines

Euclidean covering Dudley
Entropy Integral Bound
72500 lines

Convex Hull Covering I
~1500 lines

Chaining
Dyadic approx

Metric Entropy
Entropy Integral
Chaining Bound

Critical Inequality
Dudley Application
72000 lines

~7000 lines Herbst Argument

Differential Inequality
Lipschitz Mollficati

Density Arguments ”‘_1;]00'. cation

Smooth Cutoff- Convolution - Mollfication e

\ ~4000 lines

7300 lines
\ 1500 lines
( Efron-Stein Gaussian Poincaré Gaussian LSI
Cond. Expectation Rademacher CLT Entropy Dual\lly e U
Variance Telescope Taylor Limit Rathaus - Bernoulli LS| >
~2000 lines ~3000 lines Subadditivity - Tensorization Concentration

Master Error Bound
Basic Inequality
Supremum empirical process
Lipschitz concentration
~1000 lines

Gaussian Complexity
N Locaiatio

Y

VAppIicaIion

Linear
Covering

¥

Linear
Entropy
Integral

Y
N Sharp Rate

Linear Regression
~2500 lines
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Dependency graph and deliverables

/ —\

~7000 lines Herbst Argument

Differential Inequality

Lipschitz Mollification
<1300 lines

Density Arguments
Smooth Cutoff - Convolution - Mollification
~4000 lines

.

Main implementation

= Gaussian concentration analysis toolbox.
= Dudley’s entropy integral.

= Human-Al workflow.

Y
Sub-Gaussian Process Application
Formulation - Concentration
Covering Number =700 lines Dudl
Euclidean covering & Gaussian Complexity Linear
Convex Hull Covering I Entropy Integral Bound .
" N = . Localization Covering
1500 lines 2500 lines
Chaining Metric Entropy Critical Inequality
— Entropy Integral Dudley Application v
Chaining Bound ~2000 i
<300 lines mr=2
\ 1500 lines Linear
Entropy
[ Integral
-Stei 1 i Gaussian LSI
Efron-Stein Gaussian Poincaré Er——— Master Error Bound *
Cond. Expectation Rademacher CLT Gaussian Lipschitz e
Variance Telescope. Taylor Limit Rathaus - Bernouli LS ) quality
~2000 lines ~3000 lines Subadditivity - Tensorization Concentration Supremum empirical process Sharp Rate

Lipschitz concentration
1000 lines
Linear Regression
~2500 lines

Lean 4 code

~ 30,000 lines

Theorems/lemmas 1000+
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Human-Al collaborative formalization

TASK.md protocol Collaborative level

Each task specification contains:
Autonomous ~ 15%
1. also need NL target statement;
Sketch-guided ~ 30%
2. tactic-level proof plan (for agents); i
Specified under NL proofs ~ 40%
3. relevant file paths and expected crossref;
Human-critical ~ 15%
4. hard boundaries for what the agent should )
not rewrite. )




Human-Al collaborative formalization

TASK.md protocol Collaborative level

Each task specification contains:
Autonomous ~ 15%
1. also need NL target statement;
Sketch-guided ~ 30%
2. tactic-level proof plan (for agents); »
Specified under NL proofs ~ 40%
3. relevant file paths and expected crossref;
Human-critical ~ 15%
4. hard boundaries for what the agent should )
not rewrite. )

Takeaway

The dominant bottleneck is not tactic writing; it is converting compressed mathematical prose
into precise, decomposed proof architecture.




Practical lessons for formalization

[ Decompose aggressively. Target small lemmas that fit within one agent context window.
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3 Specify more than the theorem. Include local APIs, intended proof route.
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O Treat persistent failure as mathematical signal. Recheck the statement and look for

missing assumptions or counterexamples.
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Practical lessons for formalization

[ Decompose aggressively. Target small lemmas that fit within one agent context window.
3 Specify more than the theorem. Include local APIs, intended proof route.

O Treat persistent failure as mathematical signal. Recheck the statement and look for
missing assumptions or counterexamples.

0 Make hidden regularity reusable. Integrability, continuity, nonemptiness, and
boundedness hypotheses become reusable theorem contracts.
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Practical lessons for formalization

a o

Decompose aggressively. Target small lemmas that fit within one agent context window.
Specify more than the theorem. Include local APIs, intended proof route.

Treat persistent failure as mathematical signal. Recheck the statement and look for
missing assumptions or counterexamples.

Make hidden regularity reusable. Integrability, continuity, nonemptiness, and
boundedness hypotheses become reusable theorem contracts.

To agent: don’t frequently change the proof'!
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Practical lessons for formalization

a o

Decompose aggressively. Target small lemmas that fit within one agent context window.
Specify more than the theorem. Include local APIs, intended proof route.

Treat persistent failure as mathematical signal. Recheck the statement and look for
missing assumptions or counterexamples.

Make hidden regularity reusable. Integrability, continuity, nonemptiness, and
boundedness hypotheses become reusable theorem contracts.

To agent: don’t frequently change the proof'!

Know more details (e.g., implicit assumptions)
Know which key infrastructure is reused (structure view, multi-scale understanding)

proof connections (e.g., Gaussian Poincaré by Efron-Stein, Hermite decomposition, OU
semigroup)
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Go beyond...arXiv: 2606.05400

If Mathlib is “complete”, can we autoformalize research-level problems even with proof gap? )
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Go beyond...arXiv: 2606.05400

If Mathlib is “complete”, can we autoformalize research-level problems even with proof gap? )

waiwic be AT O @®

LeanMarathon: Toward Reliable Al Co-Mathematicians through
Long-Horizon Lean Autoformalization

Yuanhe Zhang* Yuekai Sun!  Taiji Suzuki! Jason D. Lee® Fanghui Liu!

@f}ﬂ LeanMarathon

Erdés problems (#1051, #1196, #164, #1217) (Barreto et al., 2026; Alexeev et al., 2026) )
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Why research-level autoformalization is hard

Not isolated theorem proving Not merely prompt engineering
= A paper may contain hundreds of = Context windows compact or lose
definitions, lemmas, and theorems. state.
= Formal statements, prose proof sketches, = Agents over-trust their own blueprints.
and dependencies must evolve together. = A local repair can silently break distant
= A wrong early statement can contaminate completed proofs.

substantial downstream work.

70



Why research-level autoformalization is hard

Not isolated theorem proving Not merely prompt engineering
= A paper may contain hundreds of = Context windows compact or lose
definitions, lemmas, and theorems. state.
= Formal statements, prose proof sketches, = Agents over-trust their own blueprints.
and dependencies must evolve together. = A local repair can silently break distant
= A wrong early statement can contaminate completed proofs.

substantial downstream work.

Systems perspective
We need a fault-containment harness: assume agents will drift, overclaim, and occasionally
formalize the wrong target; make each error local, observable, and recoverable.
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Why we need the harness?

NL proof source Machine-checked
Agent Harness .
target statements formal proofs

Two major failure modes:

= Goal drift — agent’s working trace drifts from contributing to the target.

= Lost-in-the-middle — agent lost in the uncertain middle place of formalization.
Three causes:

= Coherence loss; Self-evaluation bias; Irreversibility.

Design principle

Narrow input, single output, bounded scope, deterministic gate, fault containment
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Three long-horizon failure modes

Failure mode

What it looks like

System consequence

Coherence loss

Self-evaluation bias

Irreversibility

The agent forgets the global proof
plan and patches one region by dam-
aging another.

The agent declares its blueprint or
proof attempt correct despite miss-
ing hypotheses or mismatched state-
ments.

A root-level statement error makes
later lemmas formally valid but
mathematically irrelevant.

The run drifts away from the
target.

Bad specifications become
downstream tasks.

Prover compute is spent on
the wrong problem.
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What the harness does

NL proof source

Agent Harness

Machine-checked
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What the harness does

NL proof source Machine-checked
Agent Harness .
target statements formal proofs

Core ideas

= Blueprint as substrate. A single Lean file in blueprint format maintained across the
whole run.

= Specialist agents. Each role has well-separated task, under skilled workflow, within
boundaries.

= System orchestration. Lean file and GitHub PR/issue stream coordinate agents.

= Verifiable gates. Determinstic gate & wrapper to calibrate system's trace.
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LeanMarathon in one picture

Inputs

Natural-language
proof source

Canonical target
statements

Blueprint (system of record)
Lean declarations + prose +
dependency DAG

S &

Agent
Artifact
ci

Issue / PR flow

Stage 1: Cold Start / Target Review
i 3. Cl verifier 4. Target Reviewer [ 1
[ Pt 2 il @ dcaminsiect R demreven | procsedto |
- Lean blueprint blueprint ‘verifies build, lints, r % prose; may raise 1 Stage 2 |
dependencies, ec. issues. |
grouped issue
repair PR 5. Refiner
C o analyzes sues ana
proposes fies
e R
Stage 2: DAG-Orchestrated Proof Discharge
@ orker g ot
perworker o ortsse
( 3. Worker
o p— <
pTr— 2.Build proof DAG e & orisme -
B comomouenn o mmaomne perveer e onymerge [ 7 Fuyproren
(system of record) leaves. authorty " ” Lean biveprint
(complton)
2. Worker
® o ol repairPR  fal diagnosics
per worker 55
repeat rounds until all nodes proven
L J
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Blueprint: the system of record

Definition (

The blueprint is a single Lean file that simultaneously acts as:

@[blueprint "lem:weighted-tail-bound"
(statement := /-- LaTeX statement text -/)

(proof = /-- LaTeX proof prose with \cref{...} citations )
(title := /-- one-line LaTeX title -/
(latexEnv = "lemma")]

lemma weighted_tail_bound ... : ... := by

sorry_using [aux_lemma_one, aux_lemma_two]

= Proof bodies are either by sorry, by sorry_using [...], or complete Lean proofs.
= Definitions are global context; lemma/theorem declarations form the proof DAG.

Agents do not rely on hidden chat history or a shared scratchpad. Durable mathematical state
lives in the blueprint and Git history.
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Dependency—prose parity: Avoid drift

Prose side Lean side
= LaTeX proof text exposes intended = The verifier extracts actual dependencies
dependencies via \cref{...}. from elaborator metadata.
= Placeholder proofs expose intended = These dependencies reflect what the
parents via sorry_using [...]. proof really uses.

@[blueprint "lem:C"
(statement := /-- LaTeX statement text -/)

(proof := /-- By \cref{lem:A} and \cref{lem:B}, we obtain the claim. -/)
(title = /-- one-line LaTeX title -/)
(latexEnv := "lemma")]

lemma C ... : ... := by

exact proof_using A_and_B

Without parity, a long-running agent can make the Lean proof and the human-readable proof

graph silently diverge.
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Blueprint as a Proof DAG

Interpretation

= Nodes are declarations of

lemma/theorem.

lem:tail

proven = Edges are cited and Lean-elaborated
dependencies.

= Dynamic leaves are unproven nodes
whose all ancestors are proven.

lem:setup
proven

thm:main
blocked

lem:moment
dynamic leaf

Why a DAG matters

It turns one long formalization into a graph-induced task plan with mechanically computable scheduling and

repair scope.
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The four contract-scoped agents

Agent

Primary role

Failure it avoids

Blueprinter

Target-Reviewer

Worker

Refiner

Builds the initial typed blueprint
from the source proof and canon-
ical targets.

Audits target fidelity before large-
scale proving begins.

Proves one proof node; may add lo-
cal helper lemmas.

Repairs connected blueprint-level
defects reported as issues.

No executable proof graph for later
scheduling.

Proving the wrong theorem.

Local proof failure corrupting global
state.

Inconsistent local fixes to a shared
root cause.

Key idea

Each agent has a narrow interface, bounded edit scope, and an externally checkable output.
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Agent contracts at a glance

Agent Main input Main output Direct edit main
branch?

Blueprinter source + targets initial blueprint PR X

Target-Reviewer blueprint + targets clean exit or grouped issue X

Worker one proof node proof PR or issue X

Refiner issue set + DAG repair PR X

Cl verifier PR + base branch pass/fail diagnostics v only authority

Slogan
Agents propose. The deterministic verifier judges.




Two-stage orchestration

Stage 1: Cold Start / Target
Review

= Generate the initial blueprint.
= Run structural Cl.
= Audit target fidelity.

= Refine until the review is clean.

Termination condition

= Every proof node has a complete Lean proof;

= no sorry or sorry_using remains;

= all ClI checks pass.

Extract the current proof DAG.
Find dynamic leaves.
Dispatch Workers in parallel.

Merge proof PRs through CI; repair issues
by Refiner.

Stage 2: DAG-Orchestrated Proof
Discharge

v
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Experimental results

We pick three recent Erdds problems solved by Al in natural language:

= Erd6s 1051: Barreto, Kevin, Jiwon Kang, Sang-hyun Kim, Vjekoslav Kova¢, and
Shengtong Zhang. "Irrationality of rapidly converging series: a problem of Erdés and
Graham." arXiv preprint arXiv:2601.21442 (2026).

= Erd6s 1196 & 164 & 1217: Alexeev, Boris, Kevin Barreto, Yanyang Li, Jared Duker
Lichtman, Liam Price, Jibran Igbal Shah, Quanyu Tang, and Terence Tao. "Primitive sets
and von Mangoldt chains: Erdés Problem #1196 and beyond." arXiv preprint
arXiv:2605.00301 (2026).

| Erdds 1051 Erdds 1196  Erdés 164  Erdds 1217

Aristotle 7 7 7 —
Ours 3 3 3 3

(GPT-5.5-xhigh, 258K, no web access)
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Experimental results

Metric Erd6s—Graham ESS #1196 #164 & #1217
Rounds 19 17 40
WORKERs launched 58 33 111
REFINERS 7 6 25
Merged PRs 53 32 93
Critical path (excl. Cl wait) 11:38:23 11:32:40 40:43:21
Aggregate agent active time 21:29:41 16:26:32 71:16:52
Stop-hook / Cl wait time 07:15:10 02:15:33 07:05:26
Tool-call parsed wall time 10:16:25 06:16:40 49:08:03
Total tool calls 5,273 4,067 12,204
Total tokens 308M 245M 796M
GPT-5.5 APl-equiv. cost $257.17 $189.43 $623.54
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Experimental results - Baseline

Erdos—Graham ESS #1196
Aristotle Ours Aristotle Ours
Targets proven 0/3 3/3 0/1 1/1
Lean lines delivered 751 8,513 24 3,988
Remaining sorry 2 0 1 0

Outcome

failed complete

failed complete
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Erdos 1051: Fix gaps

The run caught a genuine gap in the published proof (Case C of Proposition 9 in the paper).

= Issue: the claim is stronger than what hypotheses actually give.

= Fix: makes the statements weaker/more constrained, but in exchange they become
actually provable from the available hypotheses.
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Takeaway

Research-level autoformalization should be treated as a fault-contained systems problem, not
merely as a larger proof-generation prompt.

Takeaway

= not make one agent think longer

= make multiple fallible agents collaborate

85



Takeaway: From SLT4AIl to AI4SLT

(0 The ¢ curve: be aware of model capacity! [ Trade-off between sample complexity and
dimension dependence

Test Risk vs. £, Norm

v i
0.30 s
- Statistically-efficient Statistically
% inefficient
=
o015 =
hed RKHS 75, hyper-RKHS Fou Fi Barron Sobolev :
---- ridgeless (Aronszajn 1950) (Ong et al. 2004; (Chenetal 2023)  (Bactf2017. (Barron 1983; (SchmidtHieber 2020) &
Uuetal 2021) Colontanfotal. 2021)  Eetal. 2021
—— theory Lutst . 2026) :
empirical Computationally-efficient Computationally-inefficient :
0.00 50 100
£; norm

(3 One-step full gradient suffices to LLM low-rank fine-tuning!



Takeaway: From SLT4AI to AI4SLT

O The ¢ curve: be aware of model capacity! [ Trade-off between sample complexity and
Test Risk vs. £ Norm dimension dependence
’/.
0.30 . ’/
-7 Statistically-efficient Statistically
¥ inefficient
gO.IS o
el RKHS F,, hyper-RKHS P Fiu Barron Sobolev :
---- ridgeless (Avonszain 1950) Orswzon O Gl emim e |
theory 024) E
empirical Computationally-efficient
0.00 100

50
£; norm

[ One-step full gradient suffices to LLM low-rank fine-tuning!

modelling mathematical reasoning as DAG; = explicit assumptions and scale up;
= Infrastructure in AI4SLT; = Machine-checked used for the review
= Lean-Marathon: harness engineering for system and insights for AI4AI/ML;
auto-formalization = Multi-scale understanding.
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Q&A

fanghui.liu@sjtu.edu.cn
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Background: Random features ridge regression

P

fp(xae) = Zal¢(maw1)a 0 := {(aivwi)}?gzl

i=1

= XX W R, eg., ReLU: ¢(z, w) = max((z, w),0)

= Random features models (RFMs) (Rahimi and Recht, 2007; Liu et al., 2021):
o {w;}t_, % 11 for a given p € POW)
o only train the second layer

n

a = argming  pp yi — f(xi;a i lal?2b = (2T Z+ AT - Z'y.
acR 2 p
i=1

o Z € R"*P with [Z]lj = ﬁqﬁ(wl,w])

= Norm over the first-layer (untrained) |W||g
= Norm over the second-layer ||a|3
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(Tf)(w) := y $(@,w)f(x)dp(x), T=> &irpi-
k=1
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Gaussian concentration: target theorem

Gaussian Lipschitz concentration

Let X ~ N(0,1,) and f: R™ — R be L-Lipschitz. Then, for all ¢t > 0,

P{F(X) —Ef(X) > 8} < exp(—%) .

-

Efron-Stein Gaussian Poincaré Gaussian LSI

i Entropy Duality : . .
Cond. Expectation Rademacher CLT Rt b L Gaussian L|p$h|[2
Variance Telescope Taylor Limit athaus - Bernoulli -
~2000 lines ~3000 lines Subadditivity - Tensorization Concentration

~7000 lines Herbst Argument

Differential Inequality

Lipschitz Mollification
~1300 lines

Density Arguments

Smooth Cutoff - Convolution - Mollification

\ ~4000 lines




Example interface: Efron—Stein inequality

Mathematical statement

Let X = (X1,...,X,,) be a vector of n independent random variables and Z = f(X)
square-integrable. With E(Y) denoting conditional expectation over all coordinates except 1,

Var(Z) < iE [(Z ~EO [Z])Q] .

[ Leave-one-coordinate conditional expectation

noncomputable def condExpExceptCoord
(i : Fin n) (f : (Fin n -> Omega) -> R) :
(Fin n -> Omega) -> R :=
fun x => integral y, f (Function.update x i y) d(mus i)

theorem efronStein
(f : (Fin n -> Omega) -> R) (hf : MemLp f 2 mus) :
variance f mus <=

sum i : Fin n, integral x, (f x - condExpExceptCoord i f x)7~2 dmus :

by



Why is Lean formalization complex?

We want to prove
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0 Lean: Prove that a pushforward of a product measure equals the original product measure
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Why is Lean formalization complex?

We want to prove
Law(XD) = 1 @ -+ @ pag

(3 Natural language: Resampling one independent coordinate preserves the joint distribution

0 Lean: Prove that a pushforward of a product measure equals the original product measure

product measures measurable maps pushforwards Fubini's theorem measure rectangles.

Density argument (missing in the textbook (

Gaussian LSl on C2° = Gaussian LSl on W1’2(7)

Gaussian Lipschitz concentration on C° = ...




Dudley’s entropy integral

Mathematical statement

Let (A, d) be a pseudo-metric space, T' C A totally bounded, diam(s) < D, and {X;}ter a
normalized sub-Gaussian process with parameter . Under integrability and path-continuity
hypotheses,
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Mathematical statement

Let (A, d) be a pseudo-metric space, T' C A totally bounded, diam(s) < D, and {X;}ter a
normalized sub-Gaussian process with parameter . Under integrability and path-continuity

hypotheses,

D
E [supXt] < 12\/50/ Vg N (e, T, d) de..
0

teT

Why it is complex in Lean

The proof combines finite nets, sub-Gaussian maximum inequalities, dyadic chaining,
Fatou-type limits, and real vs. nonnegative integration APlIs.

| A

One proof-engineering issue

The convenient measure-theoretic integral lives in R>¢ U {co}, while downstream SLT

inequalities are stated over R.
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