
Foundation Models and Agents: Methods and Applications
From MATH4AI to AI4MATH

Fanghui Liu
fanghui.liu@sjtu.edu.cn

Institute of Natural Sciences, School of Mathematical Sciences
Shanghai Jiao Tong University (SJTU)

at IEEE Summer School 2026



Outline

p MATH4AI
• generalization under scaling...
• theory contributes to practice...LLM fine-tuning

p AI4MATH
• Modeling mathematical reasoning of LLMs
• Machine learning theory in Lean 4 (Infrastructure)
• Harness engineering for auto-formalization
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In the era of deep learning

Prefer more data and larger model to obtain better performance...

MLP:
<< 1 million
parameters

ResNet-
152:

60.3 million
parameters

Transformer:
340 million
parameters

GPT-2:
1.5 billion

parameters

GPT-3, Chat-GPT:
175 billion
parameters
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Larger is better!

Figure 1: Larger models make increasingly efficient use of in-context information: source from OpenAI.
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Generalization under scaling...

model capacity

Classical U-shaped
 regime

test loss

#data >> #parameters

Proposed explanation: double descent (Belkin et al., 2019)

5



Generalization under scaling...

Proposed explanation: double descent (Belkin et al., 2019)

5



A toy example: curve fitting
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(a) yi = fρ(xi) + εi

(b) under-fitting (c) sweet spot (d) overfitting

(e) benign overfitting

Figure 2: Test performance on curve fitting. Source: OpenAI.
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Double descent curve in practice (I)

Typical examples:

• linear/nonlinear regression (Hastie et al., 2022)
• random features, random forest, and shallow neural networks (Belkin et al., 2019)
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(b) A fully connected neural network

Figure 3: Experiments on MNIST. Source: (Belkin et al., 2019). 7



Double descent curve in practice (II)

(a) ResNet18 under scaling (b) Optimal early stopping

Figure 4: Experiment on ResNet18. Source: (Nakkiran et al., 2019) from OpenAI.

Double descent is observed under 15% label noise...
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Scaling law in the era of LLMs

Scaling law (Kaplan et al., 2020)

test loss = A × Model Size−a + B × Data Size−b + C

Dataset Size 
tokens

Parameters 
non-embedding

Compute 
PF-days, non-embedding

Te
st

 L
os

s

Figure 1 Language modeling performance improves smoothly as we increase the model size, datasetset
size, and amount of compute2 used for training. For optimal performance all three factors must be scaled
up in tandem. Empirical performance has a power-law relationship with each individual factor when not
bottlenecked by the other two.

Performance depends strongly on scale, weakly on model shape: Model performance depends most
strongly on scale, which consists of three factors: the number of model parameters N (excluding embed-
dings), the size of the dataset D, and the amount of compute C used for training. Within reasonable limits,
performance depends very weakly on other architectural hyperparameters such as depth vs. width. (Section
3)

Smooth power laws: Performance has a power-law relationship with each of the three scale factors
N,D,C when not bottlenecked by the other two, with trends spanning more than six orders of magnitude
(see Figure 1). We observe no signs of deviation from these trends on the upper end, though performance
must flatten out eventually before reaching zero loss. (Section 3)

Universality of overfitting: Performance improves predictably as long as we scale up N and D in tandem,
but enters a regime of diminishing returns if either N or D is held fixed while the other increases. The
performance penalty depends predictably on the ratio N0.74/D, meaning that every time we increase the
model size 8x, we only need to increase the data by roughly 5x to avoid a penalty. (Section 4)

Universality of training: Training curves follow predictable power-laws whose parameters are roughly
independent of the model size. By extrapolating the early part of a training curve, we can roughly predict the
loss that would be achieved if we trained for much longer. (Section 5)

Transfer improves with test performance: When we evaluate models on text with a different distribution
than they were trained on, the results are strongly correlated to those on the training validation set with
a roughly constant offset in the loss – in other words, transfer to a different distribution incurs a constant
penalty but otherwise improves roughly in line with performance on the training set. (Section 3.2.2)

Sample efficiency: Large models are more sample-efficient than small models, reaching the same level of
performance with fewer optimization steps (Figure 2) and using fewer data points (Figure 4).

Convergence is inefficient: When working within a fixed compute budget C but without any other restric-
tions on the model size N or available data D, we attain optimal performance by training very large models
and stopping significantly short of convergence (see Figure 3). Maximally compute-efficient training would
therefore be far more sample efficient than one might expect based on training small models to convergence,
with data requirements growing very slowly as D ∼ C0.27 with training compute. (Section 6)

Optimal batch size: The ideal batch size for training these models is roughly a power of the loss only,
and continues to be determinable by measuring the gradient noise scale [MKAT18]; it is roughly 1-2 million
tokens at convergence for the largest models we can train. (Section 5.1)

Taken together, these results show that language modeling performance improves smoothly and predictably
as we appropriately scale up model size, data, and compute. We expect that larger language models will
perform better and be more sample efficient than current models.
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Figure 5: Empirical scaling laws. Source: (Kaplan et al., 2020)
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Learning paradigm in the past twenty years

model capacity

Classical U-shaped
 regime

Second-descent
 regime

test loss

image-driven DL

LLM-paradigm

#data >> #parameters #parameters >> #data

• U-shaped curve (Vapnik, 1995; Hastie et al., 2009)
• Double descent (Belkin et al., 2019)
• Scaling law (Kaplan et al., 2020)
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Model capacity

“Remove bias-variance trade-offs from ML textbooks"
I can define model capacity at random and see whatever curve I want to see.

— Ben Recht, 2025

(a) Results on ResNet18 (Nakkiran et al., 2019) (b) Optimal early stopping (Nakkiran et al., 2019).
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Model capacity: Norm-based capacity

(Bartlett, 1998)
“The size of the weights is more important than the size of the network!”

• Min-norm solution (Neyshabur et al., 2015; Savarese et al., 2019; Hastie et al., 2022)
• Stable approximation...
• Applications: pruning, MoE, layerNorm, RMS Norm, EoS, mu-transfer, Muon...

How do generalization curves behave under norm-based model capacity?

Figure 6: Stanford CS229 lecture notes (Ng and Ma, 2023, Figure 8.12).
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Background: Random features ridge regression

f p(x; �) =
pX

i=1

ai �(x; w i ); � := f(a i ; w i )g
p
i=1

ˆ � : X � W ! R, e.g., ReLU:
�(x; w) = max(hx; wi; 0)

ˆ Random features models (RFMs) (Rahimi and
Recht, 2007; Liu et al., 2021):

� fw i g
p
i=1

iid� � for a given � 2 P(W)
� only train the second layer

â := argmin a2R p

(
nX

i=1

(yi � f (x i ; a)) 2 + �kak 2
2

)

=
�
Z> Z + �I p

� �1
Z> y :

� Z 2 R n�p with [Z] ij = 1p
m �(x i ; w j ).

ˆ Norm over the �rst-layer (untrained) kW k F

ˆ Norm over the second-layer k̂ak2
2
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The ϕ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

(a) Test Risk vs. γ (b) Test Risk vs. norm (c) λ = 0.001

• γ := p/n, p : model size (width), n : data size

p (n = 100) 10 50 100 150 200 250 300 350 400

Test Risk 0.32 0.12 0.29 0.08 0.05 0.04 0.03 0.03 0.03
Norm 2.93 14.66 102.89 35.26 24.76 20.67 18.63 17.47 16.69

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R
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(a) Test Risk vs. γ (b) Test Risk vs. norm (c) λ = 0.001

• γ := p/n, p : model size (width), n : data size

• Phase transition exists but double descent does not exist
• More close to U-shaped instead of double descent: A ϕ paradigm

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

14



The ϕ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

(a) Test Risk vs. γ (b) Test Risk vs. norm (c) λ = 0.001

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0

test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

14



The ϕ curve (Wang, Chen, Rosasco, Liu, NeurIPS’25)

(a) Test Risk vs. γ (b) Test Risk vs. norm (c) λ = 0.001

• Reshape scaling-law:
test loss = A × Data Size−a + B × Model Size−b + C with a, b > 0
test loss = A × Data Size−a × Norm Capacity−b with a > 0 and b ∈ R

14



Control norm by tuning λ: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)
One-to-one mapping between norm and λ

Figure 7: Source from Hansen (1992).
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An example of linear regression: Textbook level and beyond

• n i.i.d. samples {(xi, yi)}ni=1 with xi ∈ Rd, yi ∈ R

• y = 〈β∗,x〉+ ε, E(ε) = 0 and V(ε) = σ2, covariance matrix Σ = E[xx>]
• ridge regression: β̂ = (X>X + λI)−1X>y

Target: precise analysis

The expected test risk Eε‖β̂ − β∗‖2
Σ vs. the norm Eε‖β̂‖2

2

p Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and Saeed, 2024;
Bach, 2024)

p Bias-variance decomposition on the test risk

• BLS
R,λ = λ2〈β∗, (X>X + λI)−1Σ(X>X + λI)−1β∗〉

• VLS
R,λ = σ2Tr(ΣX>X(X>X + λI)−2)

16
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The empirical spectral measure converges to a deterministic limit.
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Tr
(
X>X(X>X + λ)−1) ∼ Tr

(
Σ(Σ + λ∗)−1) , w.h.p.

• ∼ can be asymptotic or non-asymptotic at the rate of O(1/
√
n).

• λ∗ is the non-negative solution to the self-consistent equation n− λ
λ∗

= Tr(Σ(Σ +λ∗)−1).
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition Eε‖β̂‖2
2 = BN ,λ + VN ,λ.

For well-behaved data and Σ, we have BN ,λ ∼ BN,λ and VN ,λ ∼ VN,λ, w.h.p.

BN,λ :=〈β∗,Σ2(Σ + λ∗)−2β∗〉+
Tr(Σ(Σ + λ∗)−2)

n

λ2
∗〈β∗,Σ(Σ+λ∗)−2β∗〉

1− 1
n Tr(Σ2(Σ+λ∗)−2)︸ ︷︷ ︸

BR,λ

,

VN,λ := σ2 Tr(Σ(Σ + λ∗)−2)
n− Tr(Σ2(Σ + λ∗)−2) .

Remark: Which model capacity suffices to characterize the test risk?

• Norm-based capacity: 3 ,

• effective dimension-style Tr(Σ(Σ + λI)−1): 7 /
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Example: Relationship under isotropic features (Σ = Id)

p Test risk Rλ and norm Nλ formulates a cubic curve (complex but precise).

• min-norm interpolator (λ = 0):

R0 =

 N0 − ‖β∗‖2
2; in under-parameterized regimes√

[N0 − (‖β∗‖2
2 − σ2)]2 + 4‖β∗‖2

2σ
2 − σ2 .

Why? ◦ Variance is the same
◦ λ∗ = 0 (under-parameterized)
◦ λ∗ = d−n

n (over-parameterized)

• optimal regularization λ = dσ2

‖β∗‖2
2
(Wu and Xu, 2020):

Rλ = ‖β∗‖2
2 − Nλ

• λ→∞: Rλ =
(
‖β∗‖2 −
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Precise analysis via deterministic equivalence

p Precisely describe the learning curve.
• phase transitions, (non-)monotonicity, etc.

p Enables accurate comparison between estimators/algorithms.
• Foundations of scaling law: data or parameter under the same budget, etc.

Is `2 norm-based capacity best for characterizing generalization?
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020).

name definition rank correlation
Parameter Frobenius norm

∑L

i=1
‖Wi‖2

F 0.073

Frobenius distance to initialization
∑L

i=1
‖Wi −W 0

i ‖
2
F −0.263

Spectral complexity
∏L

i=1
‖Wi‖

(∑L

i=1

‖Wi‖
3/2
2,1

‖Wi‖3/2

)2/3

−0.537

Fisher-Rao (L+1)2
n

∑n

i=1
〈W ,∇W `(hW (xi), yi)〉 0.078

Path-norm
∑

(i0,...,iL)

∏L

j=1

(
Wij ,ij−1

)2
0.373

(a) Test (training) Loss vs. p (b) Path-norm vs. p (c) Test Loss vs. Path-norm

Figure 8: Experiments on two-layer neural networks. Source: Wang et al. (2025).
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Two-layer neural networks, path norm

`1-path norm (Neyshabur et al.,
2015)

‖θ‖P := 1
m

∑m
k=1 |ak|‖wk‖1

• equivalent to Barron spaces B
(Barron, 1993; E et al., 2021)

B := ∪µ∈P(W){fa : ‖a‖L2(µ) <∞}

• Variation in only a few directions
(Parhi and Nowak, 2022)

Theorem (Informal results from Liu et al. (2024))

To achieve ε-excess risk, kernel methods require Ω(ε−d) samples but
• Two-layer neural networks require Od(ε−

2d+2
d+2 ) samples. [smaller than ε−2]
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Which function class can be e�ciently learned by neural networks

p Single/multi-index models
ˆ TCS: ReLU neurons (Chen and Narayanan, 2023)
ˆ Low-dimensional polynomials (Arous et al., 2021; Damian et al., 2022; Abbe et al., 2022;

Lee et al., 2024; Dandi et al., 2024)
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How does theory contribute to
practice?



How does theory contribute to practice?

p LoRA in LLM �ne-tuning...

ˆ understanding: subspace alignment

ˆ theory-grounded algorithm for e�ciency improvement

ˆ clarify misconceptions

23



Cost for Pre-training

24

(Figure credit: Epoch AI)



From pre-training to (parameter-efficient) fine-tuning

25

(Figure credit: Anyscale)

https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com


From pre-training to (parameter-efficient) fine-tuning

Full fine-tuning vs. parameter-efficient fine-tuning
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(Figure credit: Anyscale)
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From pre-training to (parameter-efficient) fine-tuning

Full fine-tuning vs. parameter-efficient fine-tuning

45~60 GB~15GB

80~100 GB~30 GB

350~400 GB~130GBLLaMA-2-70B

LLaMA-2-7B

LLaMA-2-13B

A100 40GB GPU
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(Figure credit: Anyscale)

https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com


From pre-training to (parameter-efficient) fine-tuning

Pe
rfo

rm
an

ce

Efficiency

Full fine-tuning

(cost more, slower)

Param. efficient
fine-tuning

(cost less, faster)

Is it possible to be here?

speedup 20x!

25

(Figure credit: Anyscale)

https://www.anyscale.com/blog/fine-tuning-llama-2-a-comprehensive-case-study-for-tailoring-models-to-unique-applications?utm_source=chatgpt.com


LoRA: Low-rank adaption

W FT = W pre + � 2 R d�k

ˆ Formulation:

� � AB with A 2 R d�r and B 2 R r�k

ˆ Initialization:

[A 0]ij � N (0; � 2) and [B0]ij = 0 :
(LoRA-init.)
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Pipeline

27



Problem setting and assumptions

p (Downstream) data : with unknown low-rank feature shift rank(∆) = r∗

ỹ =
{

(W \ + ∆)>x̃, x̃
i.i.d.∼ sub-Gaussian, linear

σ[(W \ + ∆)>x̃], x̃ i.i.d.∼ N (0, Id) nonlinear
.

p Model : LoRA starting from known pre-trained W \ ∈ Rd×k

f (x;A,B) :=
{

(W \ +AB)>x̃ linear
σ[(W \ +AB)>x̃] nonlinear

.

p Algorithm : Squared loss, gradient descent{
L(W ) = 1

2N
∑N
i=1 ‖f(xi;W )− ỹi‖2

2, Full fine-tuning
L(A,B) = 1

2N
∑N
i=1 ‖f(xi;A,B)− ỹi‖2

2, LoRA
.

p Evaluate ‖AtBt −∆‖F : optimization and generalization!

E
x̃

∥∥ỹ − σ(W \ +AtBt)>x̃
∥∥2

2 . ‖AtBt −∆‖2
F

28
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ỹ =
{

(W \ + ∆)>x̃, x̃
i.i.d.∼ sub-Gaussian, linear

σ[(W \ + ∆)>x̃], x̃ i.i.d.∼ N (0, Id) nonlinear
.

p Model : LoRA starting from known pre-trained W \ ∈ Rd×k

f (x;A,B) :=
{

(W \ +AB)>x̃ linear
σ[(W \ +AB)>x̃] nonlinear

.

p Algorithm : Squared loss, gradient descent{
L(W ) = 1

2N
∑N
i=1 ‖f(xi;W )− ỹi‖2
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Our results: Alignment on Bt

p one-step full gradient: G ∈ Rd×k and rank(G) = r∗

G := −∇WL(W \) = 1
N
X̃>(Ỹ − X̃W \) = 1

N
X̃>X̃∆ .

Theorem (Alignment between G and Bt)

For the linear setting, LoRA trained by gradient descent admits

\ (Vr∗(Bt),Vr∗(G)) = 0 , ∀t ∈ N+ .

Remark: B1 = η1A
>
0G with Rank(B1) ≤ r∗

29
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X̃>(Ỹ − X̃W \) = 1

N
X̃>X̃∆ .

Theorem (Alignment between G and Bt)

For the linear setting, LoRA trained by gradient descent admits

\ (Vr∗(Bt),Vr∗(G)) = 0 , ∀t ∈ N+ .

Remark: B1 = η1A
>
0G with Rank(B1) ≤ r∗ 29



Our results: Alignment on At

Theorem (Informal, LoRA initialization)

For r ≥ r∗, [A0]ij ∼ N (0, α2), for any ε ∈ (0, 1), choosing α = O(εd− 3
4κ
\− 1

2 ), running GD
with t∗ = Θ(ln d) steps, then we have

\ (Ur∗(At∗),Ur∗(G)) . ε , w.h.p.

30
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Figure 9: Left: the risk 1
2 ‖AtBt −∆‖2
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fine-tuning T5 on MRPC.
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Algorithm design principle

p SVD: G = USV>

A0 = U[:,1:r]S
1
2
[1:r] .

B0 = S
1
2
[1:r]V

>
[:,1:r] .

(Spec-init.)

Key Message: we can “escape” the alignment stage
Under (Spec-init.), for both linear/nonlinear models, we can directly achieve the alignment at
initialization.

‖A0B0 −∆‖F is small, w.h.p.

The “best” initialization strategy!
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“Best” initialization: phase portrait
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Toy example (I)
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LoRA init
Spectral Init
Global Minimizers
LoRA init Start
LoRA init End
Spec. Start
Spec. End

(a) Trajectory 1
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(b) Trajectory 2

Figure 11: Comparison of the GD trajectories between LoRA and ours. (a) and (b): A ∈ R2 and
B ∈ R with different initializations. The set of global minimizers is
{a∗1 = 2/t , a∗2 = 1/t , b∗ = t | t ∈ R}.
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https://www.lfhsgre.org/files/LoRA-One.gif
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