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LLMs can solve IMO, expert-level, open problems...

= 2025: IMO gold medal, university level (PutnamBench)
= 2026: some Erdés problems, Algebra problems (Ju et al., 2026; Zheng et al., 2026)
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= Traditional coding = Vibe coding
= Traditional (math) proving = Vibe proving...
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(Industrial) Revolution in Mathematics

Proof validation/-
formalization (Lean)
Machine-checked for-
mal proof in LEAN 4

Proof generation (LLMs)
Natural-language ideas,
lemmas, candidate arguments

Proof understanding (Human)
Reusable concepts, depen-
dency maps, explanation

Stage 1: LLM Generates Natural-Language Proofs Stage 2: Lean Verification Stage 3: Human Understanding
lost Abundant / Vast Automated / Scalable / Agent-driven / Smallest / Slowly Digesting

LEAN
Verifcation
Engie

e

In the universe of proofs, generation and verification are immensely vast; the humans who understand them are so small.
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= Validation is bottleneck
= plausibility is not correctness;
= small gaps can invalidate a proof;
= informal checking does not scale to libraries.

= Math aims to advance human understanding
= not just a machine for generating formal proofs
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Lean (verification) is not a silver bullet but helps reduce and transfer risk.
= consistency vs. complete [Gédel's incompleteness theorems]

= statement consistency




(Industrial) Revolution in Mathematics

Proof validation /-
formalization (Lean)
Machine-checked for-
mal proof in LEAN 4

Proof generation (LLMs)
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dency maps, explanation

= Validation is bottleneck
= plausibility is not correctness;
= small gaps can invalidate a proof;
= informal checking does not scale to libraries.

= Math aims to advance human understanding
= not just a machine for generating formal proofs

Question shift

Can Al suggest a proof? —> Can WE validate, reuse, and help understanding?




Target: Localized empirical process framework for SLT

R(H-R(f) < sup ‘(ﬁ—]P)(lf—ffc)‘ +| con fidence term Concentration
High-probability control of the empirical
process fluctuation.

[Critical Radius 6*] [Gaussian Lipschitz Concentration]

t2
P{|f(X) —Ef(X)| > t} < 2exp| —575 | -
Dudley’s Entropy Integral Bound {|f( ) f( )| - }_ eXP 212
Gu(F(0)) < % j{;mvlog N(e, F0), Il Iln) de
Capacity control
i Localize around f*:

F6) = {f € F d(f, £) < 6,

Efron Stein

Wainwright (2019) (High-dimensional Statistics, HDS)

26
Boucheron et al. (2013) (Concentration Inequality, CI) Gn (f(§)) 5 % \/ IOgN(G, ]:(5)7 d) de.
nJo
W

[ Metric Entropy ] [ subGaussian Process]

[ Chaining ] [Cnveving Number ]

[HDS Chapter 13 CI Chapter 5 CI Chapter 4 ]

HDS Chapter 5 CI Chapter 3

then bound complexity by metric entropy:




Natural-language SLT vs. Lean 4 obligations

Mathematical phrase

What Lean asks for

“Take a supremum over a class”
“Apply concentration”
“Use covering numbers”

“Integrate entropy”
"By density”

Topology, measurability, boundedness or extended-real
formulation

Exact Lipschitz structure, distributional assumptions, in-
tegrability

Metric-space structure, finite nets, cardinal coercions,
monotonicity

R vs. R>o U {oo} integral interface

Approximation sequence, convergence mode, preserva-
tion of constants




The dependency graph behind the formalization

™\
Sub-Gaussian Process Application
Formulation - Concentration
Covering Number =700 lines Dudl
Euclidean covering & Gaussian Complexity Linear
Convex Hull Covering Entropy Integral Bound )
I o Localization Covering
71500 lines 500 lines
Chaining Metric Entropy Critical Inequality
D Entropy Integral Dudley Application )
- O\.ammg ?nund ~2000 lines
\ 1500 lines. Linear
Entropy
[ Integral
-Stei i & Gaussian LSI
CE'“’" £ Ga“fa":’"‘gwe E——— Master Error Bound ¥
“ond. Expectation Rademacher CLT ] i i . "
Variance Telescope. Taylor Limit Rathaus - Bernouli LS Gaussian Llpschltz EE8 (el
~2000 fines 3000 lines Subadditivity - Tensorization Concentration Supremum empirical process Sharp Rate
~7000 lines Herbst Argument Lipschitz concentration
Differential Inequality ~1000 lines O(r/ n)
Density Arguments Lipschitz Mollification
Smooth Cutoff - Convolution - Molification 1300 lines Linear Regression
74000 lines

-

72500 lines

Infrastructure gap

For many modern research areas, Mathlib has the foundations but not the domain-specific
route from textbook argument to executable proof.




Deliverables

Main implementation (Scale

= Gaussian analysis toolbox: Efron—Stein, 1 . i
Gaussian Poincaré, density, Gaussian LSI, Rl & €6 ~ 30,000 lines
Lipschitz concentration. Theorems/lemmas 1000+

= Dudley’s entropy integral. Supervised work ~ 500 hours

= Localized least-squares framework with linear Task specs ~ 60 preserved
and /1-constrained regression rates. Trust boundary no sorry or axiom

= Human-Al workflow: humans specify proof 4
architecture; Al agents implement tactical
Lean proofs.
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Lipschitz concentration. Theorems/lemmas 1000+

= Dudley’s entropy integral. Supervised work ~ 500 hours

= Localized least-squares framework with linear Task specs ~ 60 preserved
and /;-constrained regression rates. Trust boundary no sorry or axiom
= Human-Al workflow: humans specify proof ’
architecture; Al agents implement tactical
Lean proofs.
v

Takeaway

The paper is not only a translation of SLT into Lean: it builds reusable empirical-process
infrastructure that was largely missing from the Lean ecosystem.




Gaussian concentration: target theorem

Gaussian Lipschitz concentration

Let X ~ N(0,1,) and f:R™ — R be L-Lipschitz. Then, for all ¢t > 0,

PL(X) —Ef(X) >t} < exp(—%) |

Efron—Stein Gaussian Density Gaussian LSI Gaussian Lipschitz
variance bound Poincaré arguments via tensorization concentration




Gaussian concentration: target theorem

Gaussian Lipschitz concentration

Let X ~ N(0,1,) and f:R™ — R be L-Lipschitz. Then, for all ¢t > 0,

PL(X) —Ef(X) >t} < exp(—%> .

Efron—Stein Gaussian Density Gaussian LSI Gaussian Lipschitz
variance bound Poincaré arguments via tensorization concentration

Formalization burden

Each step pulls in different Lean infrastructure: conditional expectation, product measures,
CLT limits, Sobolev density, entropy, differentiability, and integration.




Deriving Gaussian Lipschitz Concentration

(3 Efron—Stein gives coordinate-wise variance control:
Var(2) < Y E|(Z - E2)’]
i=1

(3 Rademacher CLT + Efron—-Stein 4+ Taylor expansion yield Gaussian Poincaré:

Var(f(X)) <E|Vf(X)|5, VfeC® X ~N(0,1I,)
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Deriving Gaussian Lipschitz Concentration

(3 Efron—Stein gives coordinate-wise variance control:

Var(Z

|M:

5|(z-E02)]
(3 Rademacher CLT + Efron-Stein 4+ Taylor expansion yield Gaussian Poincaré:
Var(f(X)) <E[VF(X)I3, VfeC® X ~N(0,1I,)

(3 Bernoulli LSl + Tensorization + Entropy duality yield Gaussian LSI
Ent(¢%) < 2E[|Vg(X)[l3, VYgeC™

(3 Apply LSI to g = e*/2. Since |V |2 < L,
A2L2 ) A2[2
Ent(eM) < ?Ee’\f = Herbst argument log Ee /=5 < —

O mgf bound + (one-side) Chernoff bound gives the tail.



Example interface: Efron—Stein inequality

Mathematical statement

Let X = (X1,...,X,) be a vector of n independent random variables and Z = f(X)
square-integrable. With E(Y) denoting conditional expectation over all coordinates except i,

Var(Z) < iE [(Z —E® [Z])Q] .

Leave-one-coordinate conditional expectation

noncomputable def condExpExceptCoord
(i : Fin n) (f : (Fin n -> Omega) -> R) :
(Fin n -> Omega) -> R :=
fun x => integral y, f (Function.update x i y) d(mus i)

theorem efronStein
(f : (Fin n -> Omega) -> R) (hf : MemLp f 2 mus) :
variance f mus <=

sum i : Fin n, integral x, (f x - condExpExceptCoord i f x)~2 dmus :

by

10



Why is Lean formalization difficult?

We want to prove
Law(XD) = 1 @ -+ @ pung

(0 Natural language: Resampling one independent coordinate preserves the joint distribution

O Lean: Prove that a pushforward of a product measure equals the original product measure
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Why is Lean formalization difficult?

We want to prove
Law(XD) = 1 @ -+ @ pung

(0 Natural language: Resampling one independent coordinate preserves the joint distribution

O Lean: Prove that a pushforward of a product measure equals the original product measure

product measures measurable maps pushforwards Fubini's theorem measure rectangles.

Design principle for reuse

Formalize intermediate tools as library-quality lemmas, not as one-off proof hacks.

11



Density arguments (normally missing in textbooks)

Gaussian LSI: from C°(R") to W12 (y®n)
For f € C2°(R™), we have

Ent(f2) < 2E| V(X)X ~N(0,L,).
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= Define the Gaussian Sobolev norm
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= Prove convergence of the
entropy/gradient term

= Pass the Gaussian LSI to the limit



Density arguments (normally missing in textbooks)

Gaussian LSI: from C°(R") to W12 (y®n)

For f € C2°(R™), we have

Ent(f2) < 2E| V(X)X ~N(0,L,).

a

Formalization

Define Gaussian Sobolev space W12 ()
Define the Gaussian Sobolev norm
Prove the density theorem

Prove convergence of the
entropy/gradient term

Pass the Gaussian LSI to the limit

Gaussian Lipschitz concentration: from

C=(R") to Lipschitz

t2

P(|f(X) - Ef(X)| > £) < 2exp (‘m

)

Mollification for Lipschitz functions

For a Lipschitz f, define

pe(l') = e_”p(x/e), fe = f * Pe-

The approximation preserves Lipschitz
constants and satisfies fo — f uniformly.
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Dudley’s entropy integral: theorem target

Mathematical statement

Let (A,d) be a pseudo-metric space, T' C A totally bounded, diam(s) < D, and {X;}ier a
normalized sub-Gaussian process with parameter o. Under integrability and path-continuity
hypotheses,

D
E [SupXt] < 12\/50/ Vg N (e, T, d) de..
0

teT
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Dudley’s entropy integral: theorem target

Mathematical statement

Let (A,d) be a pseudo-metric space, T' C A totally bounded, diam(s) < D, and {X;}ier a
normalized sub-Gaussian process with parameter o. Under integrability and path-continuity
hypotheses,

D
E [supXt] < 12\/50/ Vg N (e, T, d) de..
0

teT

Why it is hard in Lean

= Converts stochastic complexity into The proof combines finite nets, sub-Gaussian
metric geometry. maximum inequalities, dyadic chaining,

= Enables localized Gaussian complexity Fatou-type limits, and real vs. nonnegative
bounds. integration APls.

13



Chaining

1 1

..._,_,@

1 ! >
T T T T >
level 0 level 1 level 2 level K resolution level: coarse - fine
g=D e1=D/2 ey =D/4 ex=D27K
coarse net fine net
Trj(t) €T d(t, Tr]'(t)) < &, &j =D27’

) + (Xt _XWK(t))
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Chaining

‘_>‘_> o _>_> @
1 1

1 1 >

T T T T >

level 0 level 1 level 2 vee level K resolution level: coarse — fine

50:D EIZD/z EzZD/4 EK=D27K
coarse net fine net

m(t) €Ty, d(t, m;(t)) <, e =D277
K
Xt - Xﬂ'o(t) — (X”]_(t) - X'”j—l(t) ) ‘l" (Xt == XWK(t) ) (Generated by GPT5.5)
j=1

Main proof-engineering issue

The convenient measure-theoretic integral lives in R>¢ U {co}, while downstream SLT
inequalities are stated over R.




Application to least-squares: Master error bound and critical radius

Critical inequality
A radius ¢ is admissible if
Gu(F () _ &
) = 20

The smallest positive solution is the critical
radius 6*.

Master theorem
For t > §*,

nto*
202

Prob(||f— A2 > 16t6%) < exp(—

)

Capacity bound via Dudley

For star-shaped F*,

Gn(F0) < 252 100,
20
16)= | iogN(&, Z0), ) de.
Takeaway

After the Lean infrastructure is built,
applications reduce to covering-number
calculus.




Human-Al collaborative formalization

TASK.md protocol Collaborative level

Each task specification contains:

1.

also need NL target statement;

2. tactic-level proof plan (for LLMs);
3.
4

. hard boundaries for what the agent should

relevant file paths and expected crossref;

not rewrite.

Autonomous ~ 15%
Sketch-guided ~ 30%
Specified under NL proofs ~ 40%
Human-critical ~ 15%
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Human-Al collaborative formalization

TASK.md protocol Collaborative level

Each task specification contains:

Autonomous ~ 15%

1. also need NL target statement;
Sketch-guided ~ 30%

2. tactic-level proof plan (for LLMs); "

i Specified under NL proofs ~ 40%

3. relevant file paths and expected crossref;
Human-critical ~ 15%

4. hard boundaries for what the agent should )

not rewrite. )

Takeaway

The dominant bottleneck is not tactic writing; it is converting compressed mathematical prose
into precise, decomposed proof architecture.




Practical lessons for formalization

[ Decompose aggressively. Target small lemmas that fit within one agent context window.
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Practical lessons for formalization

a o

Decompose aggressively. Target small lemmas that fit within one agent context window.
Specify more than the theorem. Include local APIs, intended proof route.

Treat persistent failure as mathematical signal. Recheck the statement and look for
missing assumptions or counterexamples.

Make hidden regularity reusable. Integrability, continuity, nonemptiness, and
boundedness hypotheses become reusable theorem contracts.

To agent: don’t frequently change the proof'!

Know more details (e.g., implicit assumptions)
Know which key infrastructure is reused (structure view, dependence graph)

proof connections (e.g., Gaussian Poincaré by Efron-Stein, Hermite decomposition, OU
semigroup)

17



Go beyond...arXiv: 2606.05400

If Mathlib is “complete”, can we autoformalize research-level problems even with proof gap? )
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Go beyond...arXiv: 2606.05400

If Mathlib is “complete”, can we autoformalize research-level problems even with proof gap? )

waiwic be AT O @®

LeanMarathon: Toward Reliable Al Co-Mathematicians through
Long-Horizon Lean Autoformalization

Yuanhe Zhang* Yuekai Sun!  Taiji Suzuki! Jason D. Lee® Fanghui Liu!

@f}ﬂ LeanMarathon

Erdés problems (#1051, #1196, #164, #1217) (Barreto et al., 2026; Alexeev et al., 2026) )
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From Natural Language to Lean: a Verification Phase Transition

Structured /

Natural Language Semi-formal Mathematics Lean / Formal Code

Verifiable Language
o flexible « proof sketches  explicit statements * precise
 human-friendly « shared conventions « proof blueprint + machine-checked
* ambiguous « implicit assumptions  checkable obligations * rigid
* hard to verify | * kernel-verified
N4
Y
Phase transition /
bottleneck
statement alignment
! and semantic

consistency

mathematical intent with formal statements.

Low —————————————————— increasing formal rigor and machine verifiability High
High == - - — e e e e e e flexibility and expressiveness (decreases) ----------—--=—-—-—-——-—-- — Low
/N Key challenge: the hardest step is often
( (g? ) not proof checking, but aligning

Yuanhe Zhang, llja Kuzborskij, Jason D. Lee, Chenlei Leng, Fanghui Liu. DAG-Math:
Graph-of-Thought-Guided Mathematical Reasoning in LLMs. ICLR’26.

19



Conclusion

[ Yuanhe Zhang, Jason D. Lee, Fanghui Liu. A/4SLT: Empirical Processes in Lean 4 for
Formal Statistical Learning Theory. ICML'26.

What the paper establishes

= End-to-end infrastructure for SLT; = Verified reusable SLT toolbox;

= Gaussian Lipschitz concentration + Dudley = Template for human—Al large-scale
entropy integral stack; formalization;

= Localized least-squares framework = Training ground for students.
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= Gaussian Lipschitz concentration + Dudley = Template for human—Al large-scale
entropy integral stack; formalization;
= Localized least-squares framework = Training ground for students.
Statistically-efficient Statistically
inefficient
RKHSL]-'M hyperfRKHS ]";,,‘ f;,p Barron obglev "
(Aronszajn 1950) (Ong et al. 2004; (Chen et al. 2023) (Bachf2017; (Barron 1993; (Schmidt-Hieber 2020)  «
Liu et al. 2021) Celentanolet al. 2021) 5:; ‘a;‘ 2332‘ ; . :
Computationally-efficient _Computationally-inefficient :
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Q&A

fanghui.liu@sjtu.edu.cn

www.|fhsgre.org
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