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Clarifications in Lecture 2: Example

Example
Given f(n) = 2

√
ln n and g(n) = n0.0001, check f(n) = O(g(n)) and f(n) , Ω(g(n)).

Proof.
Take the logarithmic operation of f(n) and g(n)...
Updated: We can prove it by the definition. We prove f(n) = O(g(n)) as an example, that
means, we need to find c > 0 and n > N such that f(n) ≤ cg(n)

2
√

ln n ≤ cn0.0001 ⇔
√

ln n ln 2 ≤ ln c + 0.0001 ln n [taking c ≥ 1 for nonnegativity]

⇔
√

ln n ln 2 ≤ 0.0001 ln n [taking c = 1 for simplicity]

⇔
√

ln n ≥ 104 ln 2 ⇔ n ≥ e108(ln 2)2
:= N .

We conclude the proof by taking c = 1 and N := e108(ln 2)2 . □
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Sorting (Problem definition)

◦ Input: Array A[1, 2, . . . , n] of n numbers.
◦ Output: The same array with the same numbers, but sorted in an increasing order.

Example
Input: A { [7] [6] [8] [4] [9] }
Output: A { [4] [6] [7] [8] [9] }

Assumption
We will assume that A[k] , A[l] for all k, l ∈ [1, n], k , l.

It is straightforward to extend our analysis when the input array contains duplicate entries.
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Main idea behind Bubble-sort

▶ Keep comparing successive entries A[j] and A[j + 1].

▶ Whenever we see that A[j] > A[j + 1], we swap the positions of these two entries.
▶ We stop when we reach a stage where no two successive entries can be swapped.

The entries are in correct sorted order.

Key message
Bubble: We always put the larger number to the end.
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Intuitive understanding (first round)

[3] [1] [5] [6] [7] [2] [8] [4]
first round:

[3] [1] [5] [6] [7] [2] [8] [4]

[1] [3] [5] [6] [7] [2] [4] [8]
[1] [3] [5] [6] [7] [2] [8] [4]
[1] [3] [5] [6] [7] [2] [4] [8]

...
[1] [3] [5] [6] [7] [2] [8] [4]
[1] [3] [5] [6] [2] [7] [8] [4]
[1] [3] [5] [6] [2] [7] [8] [4]
[1] [3] [5] [6] [2] [7] [8] [4]
[1] [3] [5] [6] [2] [7] [8] [4]
[1] [3] [5] [6] [2] [7] [4] [8]

Statement (Observation)
do 7 times comparison and put the largest number to the end!
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Intuition understanding (second round)

[1] [3] [5] [6] [2] [7] [4] [8]
second round:

[1] [3] [5] [6] [7] [2] [4] [8]

[1] [3] [5] [6] [7] [2] [4] [8]
...

[1] [3] [5] [6] [7] [2] [4] [8]
[1] [3] [5] [6] [2] [7] [4] [8]
[1] [3] [5] [6] [2] [7] [4] [8]
[1] [3] [5] [6] [2] [4] [7] [8]

Statement (Observation)
For these 7 numbers: do 6 times comparison and put the largest number to the end!
⇒ The last two numbers are sorted!
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Intuition understanding (the 6th and 7th round)
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6th round:

[1] [2] [3] [4] [5] [6] [7] [8]

Statement (Observation)
For these 3 numbers: do 2 times comparison and put the largest number to the end!
⇒ The last 6 numbers are sorted!

7th round:
[1] [2] [3] [4] [5] [6] [7] [8]

Statement (Observation)
For these 2 numbers: do 1 times comparison and finish!

CS147 | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 11/ 17



Bubble-sort (Pseudocode)

Algorithm 1: Bubble-sort

Input: An array A[1, 2, . . . , n]
Output: An sorted array A[1, 2, . . . , n]

1 for i = 1, . . . , n− 1 do
2 for j = 1, . . . , n− i do
3 if A[j] > A[j + 1] then
4 X ← A[j];
5 A[j]← A[j + 1];
6 A[j + 1]← X;
7 end
8 end
9 end
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Proof for correctness of Bubble-sort

▶ a) after one pass through the array, the largest entry will be at the end.
▶ b) if there is no pair of consecutive entries out of order, then the entire array is sorted.

Statement
a) after one pass through the array, the largest entry will be at the end.

Proof for a) by induction.
1) After 1st comparison, X := max{A[1], A[2]}, A[2]← X.
2) After 2st comparison (and swap), A[3] is the largest one among A[1], A[2], A[3].
3) Assume A[k] is the largest one among {A[i]}k

i=1, then in the next comparison between A[k]
and A[k + 1], (and swap), A[k + 1] is the largest one among {A[i]}k+1

i=1 . We finish the proof. □
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Proof for bubble-sort

Statement
b) if there is no pair of consecutive entries out of order, then the entire array is sorted.

Proof.
1) after the i-th iteration in the outer loop, according to a), we know that

A[n], A[n− 1], · · · , A[n− i + 1] are sorted.

2) according to the condition, after the i-th iteration, no swap for A[j] with
j = 1, 2, · · · , n− i, i.e.,

A[1], A[2], · · · , A[n− i], A[n− i + 1] are sorted.

Accordingly, we finish the proof. □

Remark: Our example finished after the 6th round.
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Running time analysis for Bubble-sort

Algorithm 2: Bubble-sort

Input: An array A[1, 2, . . . , n]
Output: An sorted array A[1, 2, . . . , n]

1 for i = 1, . . . , n− 1 do
2 for j = 1, . . . , n− i do
3 if A[j] > A[j + 1] then
4 X ← A[j];
5 A[j]← A[j + 1];
6 A[j + 1]← X;
7 end
8 end
9 end
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Runtime analysis results

Runtime analysis: How many comparisons are done.

⇒ Total runtime =
n−1∑
i=1

Θ(n− i) = Θ(n2) .

□

Theorem
Bubble-sort algorithm correctly sorts the input array and runs in Θ(n2) time.
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*More information

▶ the best case time complexity: Θ(n) if the array is already sorted
▶ the average case1 time complexity: Θ(n2)
◦ all possible n! inputs

▶ space complexity: Θ(1)

1check https://cs.stackexchange.com/questions/20/
evaluating-the-average-time-complexity-of-a-given-bubblesort-algorithm if you’re interested in.
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