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In the era of machine learning

Prefer more data and larger model to obtain better performance...

MLP:
<< 1 million
parameters

ResNet-
152:

60.3 million
parameters

Transformer:
340 million
parameters

GPT-2:
1.5 billion

parameters

GPT-3, Chat-GPT:
175 billion
parameters

2017 2019 202020152012

AlexNet

2022

GPT-4

Deepseek V3:
600 billion
parameters

2024
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ML textbooks: Larger models tend to overfit!

Practice of deep learning: bigger models perform better!

model capacity

Classical U-shaped
 regime

test loss

#data >> #parameters

Proposed explanation: double descent (Belkin et al., 2019)
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Learning paradigm in the past twenty years

model capacity

Classical U-shaped
 regime

Second-descent
 regime

test loss

image-driven DL

LLM-paradigm

#data >> #parameters #parameters >> #data

Figure 1: Paradigm among test loss, data, and model capacity.

Scaling law (Kaplan et al., 2020) in the era of LLMs

test loss = A � Model Size�a + B � Data Size�b + C
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A fundamental concept in machine learning: model capacity

Too many learning curves...

• U-shaped curve (bias-variance trade-offs) (Vapnik, 1995; Hastie et al., 2009)
• double (multiple) descent (Belkin et al., 2019; Liang et al., 2020)
• scaling law (Kaplan et al., 2020; Paquette et al., 2024)

Double descent can disappear for the same architecture!
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ABSTRACT

We show that a variety of modern deep learning tasks exhibit a “double-descent”
phenomenon where, as we increase model size, performance first gets worse and
then gets better. Moreover, we show that double descent occurs not just as a
function of model size, but also as a function of the number of training epochs.
We unify the above phenomena by defining a new complexity measure we call
the effective model complexity and conjecture a generalized double descent with
respect to this measure. Furthermore, our notion of model complexity allows us to
identify certain regimes where increasing (even quadrupling) the number of train
samples actually hurts test performance.

1 INTRODUCTION

Figure 1: Left: Train and test error as a function of model size, for ResNet18s of varying width
on CIFAR-10 with 15% label noise. Right: Test error, shown for varying train epochs. All models
trained using Adam for 4K epochs. The largest model (width 64) corresponds to standard ResNet18.

The bias-variance trade-off is a fundamental concept in classical statistical learning theory (e.g.,
Hastie et al. (2005)). The idea is that models of higher complexity have lower bias but higher vari-
ance. According to this theory, once model complexity passes a certain threshold, models “overfit”
with the variance term dominating the test error, and hence from this point onward, increasing model
complexity will only decrease performance (i.e., increase test error). Hence conventional wisdom
in classical statistics is that, once we pass a certain threshold, “larger models are worse.”

However, modern neural networks exhibit no such phenomenon. Such networks have millions of
parameters, more than enough to fit even random labels (Zhang et al. (2016)), and yet they perform
much better on many tasks than smaller models. Indeed, conventional wisdom among practitioners
is that “larger models are better’’ (Krizhevsky et al. (2012), Huang et al. (2018), Szegedy et al.

∗Work performed in part while Preetum Nakkiran was interning at OpenAI, with Ilya Sutskever. We espe-
cially thank Mikhail Belkin and Christopher Olah for helpful discussions throughout this work. Correspondence
Email: preetum@cs.harvard.edu
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(a) Results on ResNet18 (Nakkiran et al., 2019)
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(b) Optimal early stopping (Nakkiran et al., 2019).
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A fundamental concept in machine learning: model capacity

Too many learning curves...

• U-shaped curve (bias-variance trade-offs) (Vapnik, 1995; Hastie et al., 2009)
• double (multiple) descent (Belkin et al., 2019; Liang et al., 2020)
• scaling law (Kaplan et al., 2020; Paquette et al., 2024)

Bias-variance decomposition

Test error = Bias2 + Variance

(Hastie et al., 2009, Figure 2.11)

Double descent can disappear for the same architecture!
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(b) Optimal early stopping (Nakkiran et al., 2019).
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Bias-variance decomposition

Test error = Bias2 + Variance

“Remove bias-variance trade-offs from ML textbooks"
Trade-off is a misnomer, by Geman et al. (1992); Neal (2019); Wilson (2025).
I can define model capacity at random and see whatever curve I want to see.

— Ben Recht, 2025
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(b) Optimal early stopping (Nakkiran et al., 2019).
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(b) Optimal early stopping (Nakkiran et al., 2019). 6



Today's talk: Norm-based capacity via deterministic equivalence

(Bartlett, 1998)

�The size of the weights is more important than the size of the network!�

p How to preciselycharacterize the relationship under norm-based model capacity?

ˆ Reshape bias-variance trade-o�s, double descent, scaling law under`2

norm-based capacity!
ˆ Yichen Wang, Yudong Chen, Lorenzo Rosasco,Fanghui Liu. The shape of

generalization through the lens of norm-based capacity control.2025. arXiv

p What is the induced function space and statistical/computational e�ciency under
norm-based capacity?

ˆ Which function class can bee�ciently learned by neural networks?
ˆ Fanghui Liu, Leello Dadi, and Volkan Cevher.Learning with norm constrained,

over-parameterised, two-layer neural networks.JMLR 2024.
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Background: Random features ridge regression

fp(x; � ) =
pX

i = 1

ai � (x; w i ); � := f (ai ; w i )g
p
i= 1

ˆ � : X � W ! R, e.g., ReLU:
� (x; w ) = max( hx; w i ; 0)

ˆ Random features models (RFMs) (Rahimi
and Recht, 2007; Liu et al., 2021):

� f w i g
p
i= 1

iid� � for a given� 2 P (W)
� only train the second layer

â := argmin
a2 Rp

(
nX

i = 1

(yi � f (x i ; a))2 + � kak2
2

)

=
�

Z> Z + � I p

� � 1
Z> y :

� Z 2 Rn� p with [Z ]ij = 1p
m � (x i ; w j ).

ˆ Norm over the �rst-layer (untrained)kW kF

ˆ Norm over the second-layerkâk2
2 8
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Background: Test risk of random features model

� A compact integral operatorT : L2(� X ) ! L2(� W ) for any f 2 L2(� X )
(De�lippis et al., 2024)

(Tf )(w ) :=
Z

Rd
� (x; w )f (x)d� (x) ; T =

1X

k= 1

� k  k ' �
k :

� Covariate feature matrixG :=[ g1; : : : ; gn]> 2 Rn�1 with g i := (  k (x i )) k� 1

� Weight feature matrixH :=[ h1; : : : ; hp]> 2 Rp�1 with h j := ( � k ' k (w j )) k� 1

� target function: f� (x) =
P

k� 1 � � ;k  k (x)

R RFM:= E"








 � � �
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p
H > â










2

2
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Empirical observation under real-world dataset

Table 5: Generalization curves (test error vs. ℓ2 norm) under different activation functions. Training
data {(xi, yi)}i∈[n] are sampled from the FashionMNIST data set (Xiao et al., 2017), with input

vectors normalized and flattened to [−1, 1]d for d = 748. The random feature map is defined
as φ(x, w) = φ(⟨w, x⟩) with random Gaussian initialization w ∼ N (0, Id), where the activation
function φ(·) is chosen from ReLU, erf, tanh, or sigmoid. The number of training samples is fixed
at n = 300.

ReLU erf tanh sigmoid

W
it

h
ri

d
g
e

0 6 12 18 24
2 norm

0.76900

0.79175

0.81450

0.83725

0.86000

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−4

3.00 21.25 39.50 57.75 76.00
2 norm

0.7100

0.7675

0.8250

0.8825

0.9400

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−4

3.00 21.25 39.50 57.75 76.00
2 norm

0.7100

0.7675

0.8250

0.8825

0.9400

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−4

0.0 52.5 105.0 157.5 210.0
2 norm

0.710

0.765

0.820

0.875

0.930

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−3

R
id

ge
le

ss

0.0 12.5 25.0 37.5 50.0
2 norm

0.7700

0.8025

0.8350

0.8675

0.9000

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−8

0 155 310 465 620
2 norm

0.72

0.78

0.84

0.90

0.96
Te

st
 e

rro
r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−8

0.0 157.5 315.0 472.5 630.0
2 norm

0.72

0.78

0.84

0.90

0.96

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−8

0.0 202.5 405.0 607.5 810.0
2 norm

0.720

0.775

0.830

0.885

0.940

Te
st

 e
rro

r

Test error vs. 2 norm

200

400

600

800

1000

p

λ = 10−8

We consider the problem of minimizing the squared loss under an ℓ2-norm constraint on the

coefficients:

min
a

∥y − Za∥2 subject to ∥a∥22 = B2.

To incorporate the constraint, we introduce a Lagrange multiplier λ and define the Lagrangian:

L(a, λ) = ∥y − Za∥2 + λ
�
∥a∥22 − B2

�
.

Taking the gradient of L with respect to a and setting it to zero yields the first-order optimality

condition:

∇aL = −2Z⊤y + 2Z⊤Za + 2λa = 0.

Solving this equation gives the solution:

ba = (Z⊤Z + λI)−1Z⊤y, subject to ∥ba∥22 = B2.

Relation to Ridge Regression: The solution resembles ridge regression, but λ is chosen to

strictly satisfy ∥ba∥2 = B rather than being a hyperparameter. λ corresponds one-to-one with B,

since λ and ∥ba∥22 are in one-to-one correspondence if λ ≥ 0 (
∂∥â∥22

∂λ = −2y⊤Z(Z⊤Z +λI)−3Z⊤y ≤ 0).

Therefore, we can say that changing the constraint B (the restriction on ∥a∥2) is equivalent to

changing the regularization strength λ.

We conducted experiments on the random feature model by fixing the number of training

samples and the aspect ratio γ, and varying the regularization parameter λ to control the norm

of the estimator. We then plotted the curves showing the relationships among test risk, norm,

72

Figure 3: Results for RFMs under FasionMNIST.
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Our results under well-behaved data

(a) Test Risk vs. 
 (b) ‘2 norm vs. 
 (c) Test Risk vs. norm (d) � = 0:001

• 
 := p=n, p : model size (width), n : data size

• Reshape scaling-law:
test loss = A � Data Size�a + B � Model Size�b + C with a; b > 0
test loss = A � Data Size�a � Norm Capacity�b with a > 0 and b 2 R
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Control norm by tuning λ: L-curve (Hansen, 1992)

Explicit (model size) vs. Implicit (norm)

One-to-one mapping between norm and �

(a) Norm vs. � (varying �) (b) Risk vs. Norm (varying �)
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An example of linear regression: Textbook level and beyond

• n i.i.d. samples f(x i ; yi )gn
i=1 with x i 2 Rd , yi 2 R

• y = h��; xi+ ", E(") = 0 and V(") = �2, covariance matrix � = E[xx>]

• ridge regression: �̂ = (X>X + �I )�1X>y

Target: precise analysis

The expected test risk E"k�̂ � ��k2
� vs. the norm E"k�̂k2

2

p Deterministic equivalence (Cheng and Montanari, 2024; Misiakiewicz and
Saeed, 2024; Bach, 2024)

p Bias-variance decomposition on the test risk

• BLS
R;� = �2h��; (X>X + �I )�1�(X>X + �I )�1��i

• VLS
R;� = �2Tr(�X>X (X>X + �I )�2)

13
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Our results

Theorem (asymptotic/non-asymptotic results)

We have a bias-variance decomposition E"k�̂k2
2 = BN ;� + VN ;�.

For well-behaved data and �, we have BN ;� � BN;� and VN ;� � VN;�;w :h:p:

BN;� :=


��;�

2(� + ��)
�2��

�
+

Tr(�(� + ��)�2)

n

�2
�h��;�(�+��)�2��i

1� 1
n Tr(�2(�+��)�2)

| {z }
BR;�

;

VN;� :=
�2 Tr(�(� + ��)�2)

n � Tr(�2(� + ��)�2)
:

Remark: Which model capacity suffices to characterize the test risk?

• Norm-based capacity: 3 ,

• effective dimension-style Tr(�(� + �I )�1): 7 /
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Example: Relationship under isotropic features (� = I d)

p Test risk R� and norm N� formulates a cubic curve (complex but precise).

• min-norm interpolator (� = 0):

R0 =

8
<
:

N0 � k��k2
2; in under-parameterized regimes

q�
N0 � (k��k2

2 � �2)
�2

+ 4k��k2
2�

2 � �2 :

Why? � Variance is the same

� �� = 0 (under-parameterized)
� �� = d�n

n (over-parameterized)

• optimal regularization � = d�2

k��k2
2
(Wu and Xu,

2020): R� = k��k2
2 � N�

• �!1: R� =
�
k��k2 �

p
N�
�2
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Precise analysis via deterministic equivalence

p Precisely describe the learning curve.
• phase transitions, (non-)monotonicity, etc.

p Enables accurate comparison between estimators/algorithms.
• Foundations of scaling law: data or parameter under the same budget, etc.

Is ‘2 norm-based capacity best for characterizing generalization?
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Which model capacity is suitable (for neural networks)?

Table 1: Complexity measures compared in the empirical study (Jiang et al., 2020),
and their correlation with generalization.

name definition rank correlation
Parameter Frobenius norm

PL
i=1 kW ik2

F 0:073
Frobenius distance to initialization

PL
i=1 kW i �W 0

i k2
F �0:263

Spectral complexity
QL

i=1 kW ik
 PL

i=1
kW ik

3=2
2;1

kW ik
3=2

!2=3

�0:537

Fisher-Rao (L+1)2
n

Pn
i=1hW ;rW ‘(hW (x i ); yi )i 0:078

Path-norm
P

(i0;:::;iL)

QL
j=1

�
W ij ;ij�1

�2
0:373

(a) Test (training) Loss vs. p (b) Path-norm vs. p (c) Test Loss vs. Path-norm

Figure 6: Experiments on two-layer neural networks.
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Which model capacity is suitable (for neural networks)?

Table 2: Complexity measures compared in the empirical study (Jiang et al., 2020),
and their correlation with generalization.

name definition rank correlation
Parameter Frobenius norm

PL
i=1 kW ik2

F 0:073
Frobenius distance to initialization

PL
i=1 kW i �W 0

i k2
F �0:263
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i=1hW ;rW ‘(hW (x i ); yi )i 0:078

Path-norm
P

(i0;:::;iL)

QL
j=1

�
W ij ;ij�1

�2
0:373

(a) Test (training) Loss vs. p (b) Path-norm vs. p (c) Test Loss vs. Path-norm

Figure 7: Experiments on two-layer neural networks.
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Two-layer neural networks, path norm

‘1-path norm (Neyshabur et al.,
2015)

k�kP := 1
m

Pm
k=1 jak jkw kk1

• equivalent to Barron spaces B
(Barron, 1993; E et al., 2021)

B := [�2P(W)ffa : kakL2(�) <1g

• Variation in only a few directions
(Parhi and Nowak, 2022)

Can neural networks identify this structure?
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(Liu, Dadi, Cevher, JMLR’24)

Theorem (Informal, sample complexity of learning f ? 2 B)
To achieve �-excess risk,

• Kernel methods require 
(��d ) samples.

• Two-layer neural networks require 
(��
2d+2
d+2 ) samples. smaller than ��2

No Curse of Dimensionality: NNs adapt to directional smoothness.

p Track sample complexity (via metric entropy) and dimension dependence

��2 ��
2d+2
d+2 ��

2d+3
d+3

(E et al., 2019) Ours (Wu and Long, 2022) minimax (Siegel and Xu, 2021)

log d d poly(d) exp(d)?

The “best” trade-off between � and d .
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Which function class can be e�ciently learned by neural networks

Optimization in Barron spaces is NP hard: curse of dimensionality!
(Bach, 2017)approximation statistical computational

ˆ ReLU neurons (Chen and Narayanan, 2023)

ˆ Low-dimensional polynomials (Arous et al., 2021; Lee et al., 2024)
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Takeaway messages

Deep learning phenomena ) interesting mathematical problems

p Be aware of model capacity! A new paradigm of' curve!
ˆ Reshape bias-variance trade-o�s, double descent, scaling law under proper`2

norm-based capacity via deterministic equivalence.

p Which function class can bee�ciently learned by neural networks?
ˆ Neural networks can adapt to low-dimensional structure and avoid CoD!

Theoretical advances ) principled guidance in practical problems

p How does theory contribute to practical �ne-tuning problems?
ˆ One-step full gradient can be su�cient! [ICML'25 oral]
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Experimental results

(a) Test (training) Loss vs. p (b) Fro-norm vs. p (c) Test Loss vs. Fro-norm

Figure 8: Experiments on two-layer fully connected neural networks with noise level
� = 0:2. The left �gure shows the relationship between test (training) loss and the
number of the parametersp. The middle �gure shows the relationship between the
Frobenius norm andp. The right �gure shows the relationship between the test loss
and Fro-norm.



An example of linear model: a textbook level

• f(x i ; yi )gn
i=1

i:i:d:� �, x i 2 Rd , yi 2 R, covariance matrix � = E[xx>]

• y = h��; xi+ " with E(") = 0 and V(") = �2

• ridge regression: �̂ = (X>X + �I )�1X>y

• min-‘2-norm interpolation: �̂min = argmin� k�k2; s.t. X� = y

• expected test risk: bias-variance decomposition

RLS := E"k�� � �̂k2
� = k�� � E"[�̂]k2

�| {z }
:=BLS
R;�

+ tr(�Cov"(�̂))| {z }
:=VLS
R;�

:

• BLS
R;� = �2h��; (X>X + �I )�1�(X>X + �I )�1��i

• VLS
R;� = �2Tr(�X>X (X>X + �I )�2)

• *Intuitive fact: for i.i.d. sub-Gaussian data X , we have

k1
n

X>X ��kop = �(
p

d=n) ;w :h:p :
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Beyond textbook level: deterministic equivalence (Cheng and
Montanari, 2024)

Tr
�

X>X (X>X + �)�1
�
� Tr

�
�(� + ��I )�1� :

• � can be asymptotic or non-asymptotic at the rate of O(1=
p

n).
• �� is the non-negative solution to the self-consistent equation

n � �
��

= Tr(�(� + ��I d )�1).

Theorem (Deterministic equivalence (Misiakiewicz and Saeed, 2024))

For sub-Gaussian data, assume � is well-behaved, w.h.p.

k�� � E"[�̂]k2
�| {z }

:=BLS
R;�

� BLS
R;� :=

�2
�


��;�(� + ��I d )�2��

�

1� n�1tr(�2(� + ��I d )�2)

tr(�Cov"(�̂))| {z }
:=VLS
R;�

� VLS
R;� :=

�2tr(�2(� + ��I d )�2)

n � tr(�2(� + ��I d )�2)
:

Remark: Effective dimension: characterize variance but have no label
information
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*Path norm, Barron spaces, RKHS (Chen et al., 2023)

Consider a random features model (RFM) (Rahimi and Recht, 2007)

• first layer: w iid� � 2 P(W); only train the second layer

infinite many features fa(x) =
R
W a(w)�(x ;w)d�(w)

Fp;� := ffa : kakLp(�) <1g; kf kFp;� := inf
f =fa

kakLp(�)

• RFMs � kernel methods by taking p = 2 using Representer theorem
• RFMs 6� kernel methods if p < 2
• function space: F1;� � Fp;� � Fq;� � F1;� if p � q

For any 1 � p � 1, define

B = [�2P(W)Fp;� ; kf kB = inf
�2P(W)

kf kFp;�

� largest
� data-adaptive
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Proof sketch: convex hull technique and its constant!

• Consider the following function space

F = f�(hew ; �i) : ew 2 Wg[ f0g [ f��(hew ; �i) : ew 2 Sd�1
1 with the ‘1 ballg

• the convex hull of F is

convF =

(
mX

i=1

�i fi

����fi 2 F ;
mX

i=1

�i = 1; �i > 0;m 2 N

)
:

• convex hull technique (Van Der Vaart et al., 1996, Theorem 2.6.9)

log N2(G1; �) 6 log N2(nF ; �; �) 6 C

�
1
�

� 2d
d+2

:

• control the constant C

C := Dk|{z}
=�(d)

[ Ck|{z}
=�(1)

(2d+1 + 1)
1
d ]

2d
d+2 � 107d if d > 5
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